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Greedy Unsymmetric Collocation

Prasanth B. Nair(1)

Abstract: We present greedy unsymmetric collocation schemes for solving linear elliptic
partial differential equations using radial basis functions. The proposed approach cir-
cumvents the ill-conditioning problem associated with the standard collocation technique
and enables the efficient solution of problems requiring a large set of collocation points.
Numerical studies indicate that the accuracy of greedy algorithms incorporating shape
parameter tuning can be significantly better than the standard collocation scheme.
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1 Introduction

In recent years, much research has focused on the development of meshfree algorithms
based on radial basis functions (RBFs) to solve partial differential equations (PDEs); see,
for example, [1, 2, 3, 4]. To illustrate, consider a linear elliptic PDE of the form

Lu(x) = f (x) in Ω⊂ Rd, subject to:Bu(x) = g(x) in ∂Ω, (1)

whereL andB are differential operators in spacex∈ Rd, andu(x) denotes the field vari-
able. Ω is a bounded computational domain and∂Ω denotes its boundary. In meshfree
schemes based on RBFs, the field variable is approximated as

u(x)≈ û(x) = span{φ(||x−x1||),φ(||x−x2||), . . . ,φ(||x−xn||)}=
n

∑
i=1

αiφi(x), (2)

whereφi ≡ φ(||x−xi ||) : Rd→ R is a RBF centered atxi andαi , i = 1,2, . . . ,n are unde-
termined coefficients.

The vector of undetermined coefficients can be computed by Kansa’s unsymmetric
collocation scheme [1, 2], which involves first defining a set of nodes situated within the
domain as well as on the boundary, i.e.,C = {xi |i=1,nd ⊂Ω,xi |i=nd+1,nd+nb ⊂ ∂Ω}, where
n = nd +nb is the total number of collocation points. In practice, the centers of the RBFs
are chosen to coincide with the points in the setC and the undetermined coefficient vector
α is calculated by collocating the governing equations on the setC . This step results
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in a linear algebraic system of equations of the formAα = y, whereA ∈ Rn×n is the
unsymmetric collocation matrix. In practice,A can be highly ill-conditioned, particularly
when increasingly flat globally supported RBFs are used.

In this paper, we propose greedy collocation schemes for solving PDEs which aim
to: (i) avoid the ill-conditioning problem associated with the unsymmetric collocation
scheme, (ii) reduce computational cost and memory requirements, and (iii) enable effi-
cient tuning of the shape parameter of each RBF in Eqn. (2) to ensure good accuracy.
We propose to achieve these goals by adaptively choosingφi in an iterative fashion by
monitoring the spatial distribution of the residual error inΩ and∂Ω. To illustrate, let
D := {φ1,φ2, . . . ,φn} denote adictionary of RBFs and suppose that a baseline approx-
imation for the field variable is given, sayuk(x) = ∑k

i=1αiφi , whereφi ⊂ D. Then the
spatial distribution of the residual error in the domain and on the boundary can be written
asrd(x) = Luk(x)− f andrb(x) = Buk(x)−g, respectively. The basic idea of the proposed
stage-wise adaptive scheme is to greedily choose a new RBFφk+1 from the dictionaryD
so as to minimize a suitable norm ofrd andrb. Subsequently, the baseline model is up-
dated asuk+1(x)← uk(x)+αk+1φk+1(x). The iterations are terminated when||rd(x)|| and
||rb(x)|| are smaller than a specified upper bound.

The idea of function approximation using greedy algorithms is not new – a number of
papers devoted to this topic can be found in the signal processing, machine learning and
numerical linear algebra literature; see, for example, [5, 7, 8]. It is of interest to note that
Hon et. al. [6] proposed a greedy algorithm for solving PDEs. Even though encouraging
results were obtained for a Poisson problem, it was observed that the greedy algorithm
suffered from slow convergence, thereby requiring a large set of basis functions. Note that
in contrast to the greedy algorithm in [6], the proposed schemes also implicitly perform a
back-fitting procedure to update the coefficients of the RBFs chosen at previous iterations.
This in turn results in a much faster rate of convergence. We present some numerical
studies on a Poisson problem to illustrate some features of the proposed approach.

2 Greedy QR Collocation

The standard collocation procedure based on globally supported RBFs requiresO(n2)
memory andO(n3) operations when a direct method is used to computeα. One way to
reduce these requirements would be to choose a subset of RBFs (saymbasis functions) to
approximateu(x). This leads to the overdetermined least-squares problem: min||Ãα̃−y||,
whereÃ∈ Rn×m andα̃ ∈ Rm. As a consequence, the memory requirements will reduce
to O(mn) and the number of operations required to computeα will also be reduced. The
aim here is to (sub)optimally choose a subset of the RBFs to circumvent ill-conditioning
while ensuring high accuracy. The problem of choosing a good set of basis functions from
a dictionary for the model PDE in Eqn. (1) can be stated as follows:
Problem (P1): Given a dictionary of RBFsD := {φ1,φ2, . . . ,φn}, and ε > 0, find the
smallest subset of m functionsφi , i = 1,2, . . . ,m fromD and constantsαi , i = 1,2, . . . ,m,
if it exists, such that||L∑m

i=1αiφi− f || ≤ ε and||B∑m
i=1αiφi−g|| ≤ ε.

It is of interest to note that (P1) is related to theminimum set-cover problemin theoret-
ical computer science [5] and hence it can be shown that (P1) is NP-hard. This motivates
the development of greedy algorithms to efficiently compute a suboptimal solution.

The template of a greedy algorithm to solve (P1) is shown in Algorithm 1. Here,I p

denotes the set of cardinalityp which contains the indices of the RBFs chosen from the
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Algorithm 1: Template of a greedy collocation scheme
Inputs: A dictionary of RBFsD := {φ1,φ2, . . . ,φn}
and tolerance for residualε.
Setp = 0, α0 = 0 andI p = [ ]
while ||r p||< ε, do

1. p← p+1.
2. Findip = arg max

j 6∈I p−1
Jj

3. I p← [I p−1, ip]
4. ComputeAip = {Lφip(x1),Lφip(x2), . . . ,Lφip(xnd),

Bφip(xnd+1),Bφip(xnd+2), . . . ,Bφip(xn)}T ∈ Rn

5. Updateα
6. Updater p

end

dictionaryD at iterationp. Aip denotes theipth column of the collocation matrixA. It
can be noted that the core of the algorithm consists of two steps – (i) selection of an index
ip (or RBF) at each iteration (in Step 2) by finding the basis function in the dictionary
that leads to a maximum value of the criterionJ and (ii) updating the weightsα and the
residualr to reflect the fact that a new RBF has been appended to the approximation for
the field variableu(x).

A number of criteriaJ can be used to greedily select a RBF fromD at each iteration;
see Nair et al. [8] for an overview. For example, one simple and cheap way to compute
ip is to search for that point in the setC where the residual error is highest. This point
can then be used as a center for the new RBF. Once a new RBF has been appended to
the approximation, the weight vectorα and the residualr can be updated using gradient
descent techniques such as those presented in [6, 7, 8]. In practice, however, it is prefer-
able to use an incremental QR factorization scheme to updateα and r since numerical
studies on regression problems have shown that it tends to converge much faster than its
counterparts [8]. Further, the incremental QR factorization scheme allows us to efficiently
monitor the condition number of the collocation matrix when more RBFs are appended to
the approximation. As a consequence, the numerical ill-conditioning problem associated
with the standard collocation scheme can be circumvented. In addition, the incremental
QR factorization scheme only incursO(np) operations and memory at iterationp. It is
worth noting that the memory requirements of the greedy algorithm is low since only one
column of the collocation matrix is computed at each iteration.

3 Local Shape Parameter Tuning

It is well known that by tuning the shape parameter of each RBF, a higher level of ac-
curacy can be obtained by using a smaller number of terms. Heuristic recipes are often
used in the literature for optimizing the shape parameter since approaches based on non-
linear optimization tend to be computationally expensive. It so turns out that the greedy
approach outlined in Algorithm 1 can be readily modified to include an additional step
where the shape parameterσ is tuned for each RBF selected from the dictionaryD. A
straight forward way to achieve this would be to minimize a suitable norm of the residual
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error using a one-dimensional minimization technique. The residual error can be readily
computed as an implicit function of the shape parameter when an incremental QR fac-
torization scheme is used for updatingα andr. However, for computational efficiency,
it may be more preferable to solve the following one-dimensional minimization problem
for each RBFip selected in Step 2 of Algorithm 1:

σip = argmin
σ
||r p−1 +µipAip||2, whereµip =−

(r p−1,Aip)
(Aip,Aip)

. (3)

Note that the column vectorAip is an implicit function of the shape parameterσ.

4 Numerical Example

We present some numerical results generated by applying a greedy algorithm based on
incremental QR factorization to solve the 2D Poisson problem∇2u = f in Ω ∈ [0,1]×
[0,1] subject to the Dirichlet boundary conditionu = g in ∂Ω. The problem considered
here has been taken from [10], where

f = −751π2

144
sin(πx/6)sin(7πx/4)sin(3πy/4)sin(5πy/4)

+ (7π2/12)cos(πx/6)cos(7πx/4)sin(3πy/4)sin(5πy/4)
+ (15π2/8)sin(πx/6)sin(7πx/4)cos(3πy/4)cos(5πy/4), (4)

g = sin(πx/6)sin(7πx/4)sin(3πy/4)sin(5πy/4). (5)

For this problem, we used a dictionary of 441 Gaussian RBFs (i.e.,φ = exp(−||x−
c||2/σ2) ) with centers corresponding to a uniform 21×21 grid. The solution error norm
is computed on a set of 51× 51 points. Benchmark results for this problem were first
generated using the standard unsymmetric collocation scheme. TheL∞ error norm of the
best solution (obtained after experimenting with various values ofσ) is 1.03×10−6. Note
that this solution is obtained using all 441 basis functions in the dictionary.

The convergence trends of the greedy scheme incorporating automatic shape param-
eter tuning is shown in Figure 1. At each iteration of the greedy algorithm, the optimum
value of the shape parameter of the chosen basis function is computed by minimizing the
residual error as discussed in the previous section. The horizontal line in Figure 1 repre-
sents theL∞ error norm of the solution obtained using the standard collocation scheme. It
can be seen that the greedy approach allows for the possibility of achieving higher accu-
racy compared to the standard collocation scheme, particularly whenσ is tuned for each
basis function chosen from the dictionary. For example, theL∞ norm of the solution error
using 250 basis functions is 1.3× 10−8, which is around two orders of magnitude bet-
ter than what is achievable using the standard collocation scheme. It was observed that
the greedy algorithm has a tendency to choose RBF centers close to the boundary of the
domain, since this is the region where the residual error tends to be highest; see Figure 2.

Our numerical studies suggest that the greedy approach is significantly more efficient
than the standard collocation scheme, particularly when the termination criteria is met us-
ing a moderate number of basis functions and when a large number of collocation points is
necessary for an accurate solution. For example, when a set of 51×51 collocation points
is used to solve the Poisson problem discussed here, the standard collocation scheme
requires roughly 35 seconds. In comparison, the greedy scheme gives a more accurate
solution (using 250 basis functions) in around 7 seconds.
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Figure 1: Convergence ofL∞ norm of solution error using the greedy algorithm. The
dashsed horizontal line represents theL∞ error norm of the best solution obtained using
the standard collocation scheme.
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Figure 2: Spatial distribution of first 250 RBF centers chosen by the greedy algorithm.

5 Concluding Remarks

In this paper, we presented an outline of greedy algorithms for adaptive meshfree collo-
cation of linear elliptic PDEs. The main idea was to adaptively select RBFs from a dic-
tionary so as to minimize the residual error in the governing equations and the boundary
conditions. The proposed approach based on incremental QR factorization allows stable



6 P. B. Nair

computation of the weights even when the collocation matrix is highly ill-conditioned.
Further, onlyO(np) memory and operations are incurred at iterationp.

As shown in this paper, it is possible to efficiently tune the shape parameter of each
individual basis function by solving a one-dimensional minimization problem. In com-
parison, tuning the shape parameters within the framework of the standard unsymmetric
collocation formulation is computationally infeasible, since that will involve the solu-
tion of a n-dimensional nonlinear programming problem. In this regard, the proposed
greedy approach presents a significant enhancement to the standard unsymmetric collo-
cation scheme, since it potentially allows the efficient and accurate solution of a wide class
of operator problems without recourse toexpensivenumerical experiments to determine
the optimum value of the shape parameter.
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