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We study the increase of temperature of ferromagnetic nanostructures due to Joule heating from
electric currents. The spatial current density distribution, the associated heat generation, and
diffusion of heat is simulated. A number of nanowire geometries on substrates is investigated.
In particular, we study different constriction geometries including a symmetric constriction in a
nanowire with square corners, and an asymmetric notch where a triangle-shaped part of the wire
has been removed. Using different substrates such as silicon nitride membranes, silicon wafers, and
diamond wafers, we compute the spatially resolved increase in temperature as a function of time.
These multi-physics simulation results are compared with the prediction from the approximate
analytical description for the nanowire substrate as proposed by You et al.1 . We provide an expression to estimate the maximum pulse duration tc for which the You model is accurate. For a three
dimensional substrate, the temperature in the nanowire stays approximately constant for intermediate pulse durations (t > tc ), whereas for thin membrane substrates the asymptotic temperature
increase is proportional to the logarithm of the time, and the You model cannot be applied.
We provide an analytical expression that allows to compute the temperature increase for a
nanowire on a membrane substrate.
I.

INTRODUCTION

Recently, there has been much interest both in fundamental studies of spin torque transfer2–6 and in efforts
to realize devices such as the race-track memory exploiting the spin torque transfer7,8 . In either case, at the
present very large current densities have to be used to
move domain walls and, more generally, to modify the
ferromagnetic patterns. Associated with these large current densities is a substantial amount of Joule heating
that increases the temperature of the sample or device. It
is a crucial question to understand how strongly the temperature increases as this can affect the observed physics
considerably, e.g. Refs. 9 and 10, and may even lead to
a temporary breakdown of ferromagnetism if the Curie
temperature is exceeded. The depinning of a domain wall
could be due to a strong spin-current torque transfer, or
as a result of the extreme heating of the material due to
reduced magnetic pinning at elevated temperatures, or
due to the intermittent suppression of ferromagnetism.
You et al.1 have derived an analytical expression that
allows to compute the increase of temperature for a
nanowire (extending to plus and minus infinity in ydirection) with height h (in z-direction) and width w (in
x-direction). The nanowire is attached to a semi-infinite
substrate (which fills all space for z ≤ 0). The heating is
due to an explicit term S(x, t) which can vary across the
width of the wire and as a function of time.
Meier et al.5 use energy considerations to estimate the
total amount of energy deposited into the nanowire and
substrate system to show that – for their particular parameters – the heating and associated temperature increase stays clearly below the Curie temperature.

In this work, we use a numerical multi-physics simulation approach which allows to determine the temperature distribution T (r, t) for all times t and positions
r. Starting from a given geometry and an applied voltage (or current), we compute the resulting current density, the associated heat generation, and the temperature
distribution. While such a numerical approach provides
less insight than an analytical approximation, it allows
us to exactly determine the temperature distribution for
nanowires of finite length, nanowires with constrictions
and thin substrates for which the assumption of an infinite thickness is inappropriate. Thus it evinces the limits
of applicability of analytical approximations.
Section II introduces the method underlying the work.
Section III reports results from a number of case studies. Starting from the heating of a nanowire of infinite
length without constrictions (Sec. III A), we introduce
a symmetric constriction in a finite-length wire where a
cuboidal part of material has been removed (Sec. III B)
to demonstrate the additional heating that results from
an increased current density in close proximity to the
constriction and in the constriction (as in Ref. 11). Section III C studies a nanowire with a notch-like constriction (triangular shape removed from the wire on one
side only) that is placed on a silicon nitride substrate
of 100 nm thickness (as in Ref. 12). The same system is
studied in Sec. III D where the silicon nitride substrate is
replaced with a silicon wafer with a thickness of the order of 500 µm. A zigzag wire on the same silicon wafer,
as experimentally investigated in Ref. 4, is studied in
Sec. III E. We simulate a straight nanowire without constrictions placed on a diamond substrate as in Ref. 13 in
Sec. III F, and investigate and discuss the applicability of
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the temperature calculation model of Ref. 1 in Sec. IV A,
deduce a model valid for quasi two-dimensional systems
in Sec. IV B, before we close with a summary in Sec. V.
II.

METHOD

A current density j(r, t) can be related to the change of
temperature T (r, t) of a material as a function of position
r and time t using
∂T
k
Q
1
=
∆T +
=
(k∆T + Q)
∂t
ρC
ρC
ρC

(1)

with k the thermal conductivity (W/(K· m)), ρ the density (kg/m3 ), C the specific heat capacity (J/kg· K),
∂2
∂2
∂2
∆ = ∇2 = ∂x
2 + ∂y 2 + ∂z 2 the Laplace operator, T the
temperature (K), and Q a heating term (W/m3 ). The
Joule heating of a current density j in an electrical field
E is given by Q = j · E = σ1 j2 where σ is the electrical
conductivity (S/m = 1/(Ω·m)) and we have used j = σE.
Equation (1) becomes trivial to solve if we assume a
uniform current density in a slab of one material with
constant density, constant thermal conductivity, and constant specific heat capacity (see Sec. III A). In general,
for samples with geometrical features or spatially inhomogeneous material parameters, the problem becomes
quite complex and can often only be solved using numerical methods. For the work presented here we have
used the simulation software suites ANSYS 12.014 , Comsol multi-physics,15 and the Nsim multiphysics simulation library16 that underpins the Nmag17 micromagnetic
simulation package. All three tools were used for case
study 2 (Sec. III B) and produce identical results for a
given desired accuracy within their error tolerance settings. The majority of the other case studies was simulated using ANSYS. We have taken material parameters
(see Tab. I) appropriate for room temperature, and have
treated each material parameter as a constant for each
simulation, i.e. here a temperature dependence of the
material parameters is not taken into account.
III.
A.

SIMULATION RESULTS

Case study 1: Uniform current density

Initially, we study the extreme case of no cooling of
the ferromagnetic conductor: neither through heat transfer to the surrounding air, nor to the substrate and the
contacts. This allows to estimate an upper limit of the
heating rate and consequent change in temperature over
time.
Assuming a uniform current density j, uniform conductivity σ and initially uniform temperature distribution T ,
equation (1) simplifies to
dT
j2
=
dt
ρCσ

(2)

Py
Si3 N4
Si
Diamond

σ −1
[µΩ cm]
25
n/a
n/a
n/a

C
[J/(g K)]
0.43
0.5
0.7
0.75

k
[W/(m K)]
45
18
148
1400

ρ
[g/cm3 ]
8.7
3.21
2.33
3.5

TABLE I. Material parameters resistivity σ −1 , specific heat
capacity C, thermal conductivity k, and density ρ. Parameters for permalloy (Py) and silicon nitride (Si3 N4 ) have been
chosen to match those of Ref. 12. For silicon, silicon nitride,
and diamond no electric conduction was allowed in the simulations (corresponding to an infinitely high resistivity). For
detailed data on permalloy resistivity, see Refs. 18 and 19,
permalloy thermal conductivity Ref. 20, and silicon thermal
conductivity Ref. 21.

All the parameters on the right hand side are constant,
and thus the temperature T will change at a constant
rate of j 2 /(ρCσ). As only the ferromagnetic conducting
nanowire can store the heat from the Joule heating, the
temperature has to increase proportionally to the heating
term Q which is proportional to j 2 .
Using material parameters for Permalloy (C =
430 J/(kgK), ρ = 8700 kg/m3 , σ = 1/(25 · 10−8 Ωm) =
4 · 106 (Ωm)−1 , j = 1012 A/m2 ), we obtain a change of
temperature with time
dT
j2
=
= 6.683 · 1010 K/s = 66.83 K/ns.
dt
ρCσ

(3)

The immediate conclusion from this is that the temperature of the sample cannot increase by more than 66.83
K per nanosecond if the current density of 1012 A/m2 is
not exceeded and if the current density is uniform within
the whole sample for the chosen material parameters.
A current pulse over 15 nanoseconds has the potential
to push the temperature up by just over 1000 degrees
Kelvin, and thus potentially beyond the Curie temperature.
The substrate on which the ferromagnetic conductor
has been grown will absorb a significant fraction of the
heat generated in the conductor, and thus reduce the
effective temperature of the magnetic material. The contacts play a similar role. On the other hand, any constrictions will result in a locally increased current density,
which – through the j 2 term in Q in Eq. (1) – results in
significantly increased local heating. We study the balance of these additional heating and cooling terms in the
following sections in detail.

B.

Case study 2: Constrictions

The effect of a constriction will vary strongly depending on the given geometry. The resulting current and
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FIG. 1. Sample geometry case study 2: slab with constriction
(Sec. III B).
























 

FIG. 2. Temperature profile ∆T (x) in the constricted geometry at positions [x,0,0] for t = 1 ns and a current density of
1012 A/m2 in the unconstricted ends of the slab.

temperature distributions as a function of temperature
and time are non-trivial.
Fig. 1 shows the geometry used for this study (as in
Refs. 11 and 22): a bar with dimensions Lx = 1000 nm,
Ly = 50 nm, and Lz = 20 nm. The origin is located in
the center of the slab, i.e. the two opposite corners of the
geometry are at [−500, −25, −10] nm and [500, 25, 10] nm.
The constriction is placed at the center of the bar, and
reduces the dimensions to Lconstrict
= 20 nm over a length
y
=
50
nm.
In
comparison
to the study shown
of Lconstrict
x
in Sec. III A, the current distribution is non-uniform in
this geometry and therefore the local Joule heating and
the resulting temperature field will be non-uniform. We
thus need the thermal conductivity k = 45 W/(K·m) for
these calculations because the ∆T term in equation (1)
is non-zero.
Fig. 2 shows a temperature profile ∆T (x) through the
constricted shape after application of a current density of
1012 A/m2 at ten different times t as a function of position
x. The top thick black line shows the temperature distribution after 1 ns, the other 9 lines show earlier moments
in time in successive time steps of 0.1 ns.
The peak around x = 0 is due to the constriction: the
reduced cross section (in the y-z plane) results in an increased current density in the constriction. The Joule
heating term — which scales proportional to j 2 — is increased accordingly in the constriction. During the 1 ns,
diffusion of heat takes place and results in the increase of

temperature outside the constriction, and simultaneously
a reduction of the speed of increase of the temperature
in the constriction. The importance of heat diffusion can
be seen by the width of the peak around x = 0 in Fig. 2.
The increase of temperature ∆T after t = 1 ns at the
end of the nanowire (i.e. x = 500 nm and x = −500 nm)
is 66.89 K. This is about 0.05 K higher than in the previous case study in Sec. III A where a nanowire without a
constriction was studied and the corresponding value of
temperature increase is T = 66.83 K. This difference of
0.05K after 1 ns at the end of the wire originates from
the extra heating in the constriction and diffusion of this
heat through the wire.
We can also estimate the maximum possible temperature increase in the constriction by using equation (3)
under the assumption that there was no diffusion of
heat (i.e. k = 0), and that we obtain a current density of j = 2.5 · 1012 A/m2 in the constriction (due to
the reduced cross section from Lz Ly = 1000 nm2 to
Lz Lconstrict
= 400 nm2 ). The resulting rate for temy
perature increase in the constriction is here 417 K/ns,
and thus much higher than the maximum temperature
of 102.8 K that is reached after 1ns when taking into account the diffusion of heat from the constriction into the
unconstricted parts of the nanowire. This comparison
underlines the drastic influence on the actual temperatures in the nanowire when diffusion of heat is considered.

C.

Case study 3: Nanowire with a notch on a
silicon nitride substrate

In this section we investigate a more realistic system
following the work by Im et al.12 for which we take into
account the heat dissipation through the substrate. Im et
al. study critical external fields for domain wall pinning
from constrictions, and subsequent works23,24 study spintorque driven domain wall motion for this geometry.
Here, we choose the geometry where the domain wall
de-pinning field was most clearly defined: a permalloy
nanowire with dimensions Lx = 5000 nm, Ly = 150 nm,
Lz = 30 nm (see Fig. 1(b) in Ref. 12 and lower left
subplot of Fig. 3 therein).
This nanowire is lithographically defined centrally on
a silicon nitride membrane that is 100 nm thick (as in
Ref. 12). For the membrane we assume the shape of
a disk with 0.5 mm radius. Preparation of nanostructures on membranes is required for experiments using
synchrotron light, that has to transmit through the sample. Such experiments give access to simultaneous timeand space resolution on the nanometer and the subnanosecond scale2,12 . Perfect thermal contact between
the wire and the silicon nitride substrate disk is assumed.
The center of the wire contains a 45 nm wide triangular notch on one side, and the geometry is sketched in
Fig. 3(b). A current density of 1012 A/m2 is applied at
the ends of the wire over a time of 20 ns, similar to ex-
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FIG. 3. Joule heating in a permalloy nanowire with a notch on a silicon nitride membrane as discussed in Sec. III C (geometry
from Ref. 12): (a) temperature distribution T (r) in the nanowire and substrate after t = 20 ns, (b) geometry of the model (not
to scale) and the plotting path through the nanowire (dashed line) used in Fig. 3c, (c) temperature profile ∆T (x) after t = 20 ns
along the length of the wire (following the plotting path shown in Fig. 3(b)) with a silicon nitride membrane substrate, (d)
maximum (dotted line) and minimum (dashed line) temperature in the silicon nitride membrane and maximum temperature
(solid line) in the wire as a function of current pulse length; the dash-dotted line is the prediction of the analytical You model
discussed in Sec IV A. The membrane is modelled as a disk with height 100 nm and radius 0.5 mm. The current density is
j = 1012 A/m2 ; for material parameters see Tab. I.

periments such as in Refs. 23–25.

to the reduced cross section in the y-z plane.

Figure 3(a) shows an overview of the geometry and the
computed temperature distribution after 20 ns. The 30%
notch is just about visible on the right hand side of the
nanowire halfway between the ends of the wire. The cutplane shown in the right hand side of Fig. 3(a) as an inset
shows the temperature distribution in the nanowire in the
y-z plane in the center of the constriction (as indicated
by a white line and semi-transparent plane in the main
plot). Figure 3(b) shows the notch geometry in more
detail (not to scale).

In contrast to the previous example (Sec. III B
and Fig. 2), the temperature peak at the constriction
is less pronounced, as a smaller amount of material is
absent and consequently the current density and the associated increase in Joule heating is smaller.

Fig. 3(c) shows the temperature profile ∆T (x) after
20 ns taken along a line at the top of the nanowire (the
same data is encoded in the colours of Fig. 3(a) although
more difficult to read quantitatively). We see that most
of the wire is at an increased temperature around 150 K.
The maximum temperature is found at the constriction:
as in Sec. III B the current density is increased here due

The maximum temperature increase reaches 163 K.
The zero level in the simulation corresponds to the temperature at which the experiment is started: if the experiment is carried out at 300 K we expect the maximum
temperature to be 463 K after 20 ns, which is well below
the Curie temperature (≈ 840 K) for Permalloy.26
From Figs. 3(a) and 3(c) we can see that the temperature at the ends of the wire is lower than near the middle: for x . 1 µm and x & 4 µm temperature decreases
towards ≈ 100 K at the ends of the wire. This is due to
more efficient cooling through the substrate: at the ends
of the wire there is substrate to three sides rather than
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two as in the middle parts of the wire. Experimentally
this effect is typically not relevant because the contact
wiring will follow at the end of the actual nanowire.
The importance of the substrate in cooling the
nanowire can be seen if we use equation (3) to compute
the temperature after 20 ns for a wire with the same geometry but without the notch and without the substrate:
the heating rate is dT /dt = j 2 /(ρCσ) = 66.83 K/ns as
in Sec. III A because the geometry does not enter that
calculation. Without the substrate, we would have a
temperature increase of ≈ 1336 K after 20 nano seconds
(even without taking the extra heating from the notch
constriction into account).
In Fig. 3(d), the solid line shows the maximum temperature in the nanowire, the dotted (dashed) line shows
the maximum (minimum) value of the temperature in the
silicon nitride membrane substrate and the dash-dotted
line shows data computed using the model by You et al.1
as a function of time over which the current pulse is applied. Note that the You model has not been derived to
be used for such a thin substrate and that the large deviation for large values of t is thus expected. We discuss
this in detail in Sec. IV A.
We can use the maximum wire temperature graph
to determine the length of the current pulse that can
be maintained until the temperature is pushed up to
the Curie temperature, or to the material’s evaporation
temperature (note that the plot shows the temperature
increase since the start of the experiment, not absolute temperature). If the experiment is carried out at
room temperature (≈ 300 K), then the Curie temperature (≈ 850) is attained with a pulse duration of approximately 200 ns.
Asymptotically, the maximum temperature in the wire
is proportional to the logarithm of pulse duration for a
2d substrate and a point-like heating source. This regime
is entered when the nanowire and the constriction have
been heated up to a steady state, and from there on
the temperature in the nanowire increases logarithmically with time while the heat front propagates from the
center of the substrate disk towards the disk’s boundary.
The maximum temperature in the substrate (dotted
line) is assumed at the interface between the nanowire
and the substrate, in the location where the nanowire is
hottest. Because of the assumption of perfect thermal
contact between wire and the membrane substrate, the
temperature at the top of the membrane is the same as
the temperature at the bottom of the wire. The difference between the maximum wire and maximum substrate
temperature thus provides an indication for the temperature gradient found in the wire.
The dashed line in Fig. 3(d) shows the minimum value
of the temperature taken across the combined system of
nanowire and substrate. It starts to deviate from zero
when the heat front has propagated from the center of
the silicon nitride substrate disk to the boundary. In
our example, that happens after 1 ms when the simulated temperature of the wire would be over 3000 K. The

asymptotic logarithmic behaviour of the temperature increase in the wire is maintained only until the heat front
reaches the boundary of the substrate.

D.

Case study 4: Nanowire with a notch on a
silicon wafer

A possible way to increase the maximum pulse length
is to use a silicon wafer instead of the silicon nitride membrane, which is typically done in high frequency transport
experiments. Silicon is a better conductor of heat, and
the extra thickness of the wafer gives more space for heat
to dissipate. In this section, we model the same nanowire
with a notch geometry as above in Sec. III C but placed
on a silicon half-sphere of radius 0.5 mm instead of a silicon nitride disk membrane.
Fig. 4(c) shows the temperature profile of the nanowire
with notch placed on a silicon wafer after a 20 ns pulse
(current density at the wire ends is 1012 A/m2 ). The
maximum temperature increase is 16 K and should be
compared with Fig. 3(c) where the nanowire was placed
on a (much thinner) silicon nitride substrate and the
maximum temperature increase was 163 K.
Clearly, compared to the silicon nitride membrane the
silicon wafer is much more efficient at diffusing heat:
the temperature increase is approximately a factor 10
smaller.
Fig. 4(d) shows the minimum and maximum temperature for the silicon wafer substrate, and the maximum
temperature of the nanowire, analog to Fig. 3(d) for the
nanowire on the silicon nitride membrane. We can identify three regimes: (i) for small t the maximum temperature in the wire increases approximately proportional to
the logarithm of time. (ii) For 1 µs . t . 10, 000 µs, the
maximum temperature stays constant in the wire. This
is the (3d) steady-state regime where the heat front propagates from the center of the silicon substrate half-sphere
to the surface of the sphere. (iii) Approximately for
t & 10, 000 µs, the maximum wire and substrate temperatures and the minimum substrate temperature start to increase again simultaneously. This indicates that the heat
front has reached the surface of the half-sphere shaped
wafer substrate, and that the heat from the nanowire cannot be carried away through the propagating heat front
anymore.
The maximum temperature increase of ≈ 20 K is
reached after ∼1 µs and is maintained until t = 1 ms,
when the heat front reaches the boundary of the wafer
and the whole wafer begins to heat up. The temperature gradient from top to bottom of the wire is of the
order of 5 K (difference of maximum wire and maximum
substrate temperature).
For a system with an infinite 3d substrate we expect
in general that the nanowire temperature stays constant
once regime (ii) of the heat front propagation has been
reached. Regime (iii) would not exist for an infinite
substrate, or a substrate that is efficiently cooled at its
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FIG. 4. Joule heating in a permalloy nanowire with a notch on a silicon wafer as discussed in Sec. III D (geometry of wire from
Refs. 23 and 24): (a) temperature distribution T (r) in the nanowire and substrate after t = 20 ns, (b) geometry of the model
(not to scale) and the plotting path (dashed line) used in Fig. 4(c), (c) temperature profile ∆T (x) after t = 20 ns along the
length of the wire on a silicon wafer substrate, (d) maximum and minimum temsperatures of the silicon substrate, maximum
temperature of the wire, and the prediction of the You model as a function of pulse length; tc is the characteristic time as
described in Sec. IV A. The silicon wafer is modelled as a half sphere (flat side attached to nanowire with notch) with radius
0.5 mm. The current density is again j = 1012 A/m2 ; for material parameters see Tab. I.

boundaries.

E.

Case study 5: Zigzag-shaped nanowire

In this section we investigate a nanowire geometry and
experimental set up as reported in Ref. 4 where current
densities of 2.2 × 1012 A/m2 are applied for 10 µs.
Figure 5(b) shows the permalloy nanowire consisting of
three straight 20 µm segments connected by 45◦ bends of
radius 2 µm (see also Fig. 1 in Ref. 4). The wire is 500 nm
wide and 10 nm thick, and is placed on a silicon wafer substrate which is modelled as a silicon half-sphere of radius
0.5 mm as in the previous example in Sec. III D. The
resistivity of the wire material is adjusted to 42 µΩcm so
that the total resistance of the wire is 5 kΩ (as reported
in Ref. 4).
Figure 5(a) and 5(c) shows the temperature profile after 10 µs. The maximum temperature increase does not

exceed 134 K despite the large current density and the
long pulse duration. The ends of the zig-zag wire are significantly cooler (below 80 K) than the center which can
be attributed to more silicon wafer substrate accessible
to carry away the heat that emerges from the nanowire.

Figure 5(d) shows how the maximum wire temperature
(which is located in the middle segment of the zig-zag
wire) and substrate minimum and maximum temperatures change over time. As before, we can identify three
regimes: (i) initial heating of wire and substrate, (ii)
steady state with heat front propagating through substrate and (iii) general heating of wire and substrate
when heat front reaches the substrate boundary in the
simulation model. Due to the larger nanowire geometry,
region (ii) is less pronounced here than in Fig. 4(d).
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FIG. 5. Joule heating in zigzag permalloy nanowire on a silicon wafer (Sec. III E): (a) temperature distribution T (r) in the
nanowire and substrate after t = 10 µs, (b) geometry of the model (following Ref. 4) and the plotting path (dashed) for Fig. 5(c),
(c) temperature profile ∆T (x) after t = 10 µs along the length of the wire (following the plotting path shown in Fig. 5(b)), (d)
maximum and minimum temperatures of the silicon substrate, maximum temperature of the wire, and the prediction of the You
model as a function of pulse length; tc is calculated based on the distance between the opposite ends of the wire L = 56 nm. The
current density is j = 2.2 × 1012 A/m2 ; the resistivity of permalloy σ −1 = 42 µΩcm; for other material parameters see Tab. I.

F.

Case study 6: Diamond substrate

Recently, realizations of very high current densities
have been reported when the permalloy nanowire is
placed on a diamond substrate13 instead of silicon nitride or silicon. This finding is useful for time-integrating
experiments where current excitations exceeding the microsecond timescale are required27,28 . In this section,
we investigate the geometry and experiment described
in Ref. 13.
Figure 6(b) shows a rectangular permalloy nanowire
with dimensions 25 µm×650 nm×22.5 nm which is grown
on a diamond crystal substrate. As before, perfect thermal contact between the wire and the substrate is assumed. In the original experiment13 , the whole device
was placed in a cryo bath. The area of contact between
the diamond crystal substrate and the bath is large compared to the size of the nanowire, therefore the temperature difference at the contact layer is likely to be small.
In the simulation, the effect of the bath can be repre-

sented by using an infinite medium of diamond. In line
with the studies in the previous Sec., we use half-sphere
shape for the diamond substrate (radius of 0.5 mm). The
resistivity of the wire material is adjusted to 39 µΩcm so
that the total resistance of the wire is 675 Ω as in Ref. 13.
Figure 6(a) and 6(c) show the temperature profile after
application of a current density of 1.5 × 1012 A/m2 for
1 µs, and Fig. 6(d) shows the maximum and minimum
temperature in the system as a function of time.
From Fig. 6(d) we can see that the maximum temperature increase in the wire is not exceeding 21 K for times
smaller than 1000 µs, and that the substrate temperature increase stays below ≈ 16 K in that period. The
plot shows that the precise current density pulse duration is not so critical: if t is between 1 µs and 1000 µs
the nanowire attains approximately the same temperature. It is this steady state temperature increase value
that should be compared with the experiment.
The difference between the maximum substrate temperature and the maximum wire temperature reflects
a temperature gradient from top to bottom in the
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nanowire. This is just about visible in the inset in
Fig. 6(a).
For larger times than 1000 µs, we find that the maximum and minimum temperature of the substrate and the
maximum wire temperature start to increase simultaneously. This is an effect of the finite size of the substrate in
the model, or, equivalently, the lack of the modelling of
heat transfer away from the diamond substrate through
the cryo bath. There are other, in comparison to the cryo
bath less important cooling contributions, such as electric contacts, substrate holder, and surrounding gas, that
have not been considered here. For the interpretation of
the simulation results for the experiment in Ref. 13, we
need to ignore the regime for t & 1000 µs.
The shape of the temperature profile (Fig. 6(c)) is very
similar to the zigzag wire temperature profile (Fig. 5(c)).
In the original experiment, a continuous current corresponding to a current density of 1.5 × 1012 A/m2 heated
the wire by about 230 K (Fig. 4 in Ref. 13).
In our simulation the nanowire changed temperature
by less than 21 K. A possible explanation for this discrepancy is that the contact between the wire and the diamond was imperfect. If so, then improving this contact
will lead to even better heat dissipation and concomitantly higher possible current densities.
IV.
A.

ANALYTICAL MODELS

Model by You, Sung, and Joe for a nanowire on
a (3d) substrate

You, Sung, and Joe1 have provided an analytic expression TYou2006 (t) to approximate the temperature T (t) of
the current-heated nanowire as a function of time t (Eq.
(16) in Ref. 1):
!
p
2 tk/(ρC)
whj 2
3d
T (t) = TYou2006 (t) =
arcsinh
πkσ
αw
(4)
where w and h are the width and height of the wire,
σ is the wire conductivity, j is the current density, and
k, ρ, and C are the thermal conductivity, mass density,
and specific heat capacity of the substrate. We have used
their adjustable parameter α = 0.5 for calculations shown
in Sec. III.
In this section, we introduce the name T 3d (t) as a
synonym for TYou2006 (t) to emphasize the difference to
the similar looking equation for T 2d (t) that is derived in
Sec. IV B.
For derivation of Eq. (4), it is assumed that the
nanowire is infinitely long, and attached to a semi-infinite
substrate. While the thickness h and width w of the wire
enter the derivation to compute the Joule heating due to
a given current density, the model does not allow for a
temperature variation within the nanowire nor does the
nanowire have a heat capacity in the model. Within this
model, a heat front of (half-)cylindrical shape (cylinder

axis aligned with the wire) will propagate within the substrate when the wire is heated. Thus, there is translational invariance along the direction of the wire.
We start our discussion with the zigzag nanowire as
shown in Fig. 5. Figure 5(d) shows the temperature prediction of the You model as a dash-dotted line. It follows
the maximum temperature in the substrate very closely
for times up to approximately 2 µs.
At short times t below 1 ns we can see the You model
slightly overestimating the temperature in the nanowire
in Fig. 5(d). As the model does not allow for a finite
heat capacity of the wire, this is expected. As the heat
capacity of the nanowire is insignificant in comparison to
the substrate, this overestimation disappears if sufficient
heat has been pumped into the system.
The difference between the maximum temperature in
the wire and the maximum temperature in the substrate
comes from a temperature gradient within the wire: the
maximum temperature in the wire is at the top of the
wire (which is furthest away from the cooling substrate)
and the maximum temperature of the substrate is found
at the top of the substrate just where the wire reaches its
maximum temperature. Due to the assumption of perfect
thermal contact, the bottom of the wire is exactly at the
same temperature as the top of the substrate within the
model description.
Since the You model does not allow for a temperature
gradient within the wire, we expect its temperature prediction to follow the maximum temperature increase in
the substrate. This is visible in Fig. 5(d) for t & 2 ns.
Regarding the deviation between the You model and
the simulation results for t & 2 µs, we need to establish whether the required assumptions for the model are
fulfilled. The You model is derived for an infinitely long
wire on an infinite substrate, whereas the segments of the
zigzag wire studied here have finite length. In the initial
stage of heating, the temperature front in the substrate
will move away from the wire sections with heat fronts
aligned parallel with the wire. The heat front forms
a half-cylinder (for each zigzag segment) whose axis is
aligned with the wire. As long as the diameter of this
half cylinder is small relative to the segment length, the
wire appears locally to be infinitely long and the heat
front propagates in a direction perpendicular to the wire.
This is the regime where the You model is applicable.
When the heat front has propagated sufficiently far from
the nanowire to change its shape from a cylinder surface
to a spherical surface, the You model is not applicable
anymore. This happens approximately afters t & 2 µs.
We have referred to the spherical heat front propagation
in the discussion in previous sections as “regime (ii)”.
For the zigzag wire study the agreement of the model
by You et al.1 with the simulation is thus very good
within the time range where the model is applicable. We
note that the wire is relatively long (20 µm per segment)
and has no constriction. The You model cannot be applied for t & 4 µs because the finite wire length becomes
important.
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FIG. 6. Joule heating in a permalloy nanowire on a diamond crystal substrate (Sec. III F): (a) temperature distribution in the
nanowire and substrate T after t = 1 µs, (b) geometry of the model and the plotting path, (c) temperature profile ∆T (x) after
t = 1 µs along the plotting path, (d) maximum and minimum temperatures of the diamond substrate, maximum temperature
of the wire, and the prediction of the You model as a function of pulse length. The current density is j = 1.5 × 1012 A/m2 ; the
resistivity of permalloy σ −1 = 39 µΩcm; for other material parameters see Tab. I.

For the nanowire without a constriction on the diamond substrate as studied in Sec. III F and shown in
Fig. 6, the agreement is similarly good; the You model
temperature follows the substrate temperature very accurately up to t ≈ 0.1 µs. For larger t, the model becomes
inaccurate as the finite length of the wire becomes important at that point.
Figure 4(d) shows for the nanowire with a notch on
the silicon substrate that for t & 0.1 µs the gradients of
both maximum temperature curves approach zero which
indicates the onset of regime (ii) and implies that the
You model cannot be applied for t & 0.1 µs. For smaller
t . 0.1 µs, the You model temperature roughly follows
the maximum substrate temperature with a maximum
absolute deviation of less than 3 K.
We have carried out additional simulations (data not
shown) which have demonstrated that the maximum substrate temperature line (dotted line in Fig. 4(d)) is shifted
down by a few degree Kelvin if the notch is removed
from the geometry. The You model temperature and
the maximum substrate temperature curves then coin-

cide for 2 . t . 10 ns. If, furthermore, we increase the
wire length from 5 µm to 30 µm, the two curves coincide
for 2 . t . 300 ns.
Both the notch and the relative shortness of the wire
decrease the accuracy of the prediction of the You model:
the notch roughly shifts all temperature curves up by a
few degrees whereas the length of the wire determines
the time when regime (ii) is entered.
In contrast to the previous examples the nanowire with
a notch in Fig. 3 is attached to a relatively thin silicon
nitride membrane of thickness 100 nm (the silicon and
diamond substrates for the discussion above are of the
size order of 500 µm). The You model should not be
used in the regime of membranes as the model expects
an infinite substrate.
However, one could argue that the You model should
be applicable for very small t until the heat front emerging from the wire has propagated through the 100 nm
thick substrate. Additional simulations (data not shown)
reveal that this is the case after t ≈ 0.1 ns. The You
model data shown in Fig. 3(d) (inset) for t . 0.1 ns over-
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estimates the substrate maximum temperature because
the finite heat capacity of the wire is important at this
time scale.
We note that the You model cannot be expected to
provide accurate temperature predictions for thin substrates. The deviation of the You curve in Fig. 3(d) originates in the inappropriate application of the model to
a system with a thin, effectively two-dimensional, substrate.
In summary, we find that the You model provides an
accurate description of the maximum substrate temperature if used within its bounds of applicability.
In the You model, the nanowire has no heat capacity
and this results in the model slightly overestimating the
temperature for very small t (visible in Fig. 5(d) for t .
1 ns).
For a ‘thick’, effectively three-dimensional, substrate
we find that the applicability of the model is limited by
the finite length of the wire. The maximum time tc up
to which the You model is appropriate, can be estimated
by calculating the characteristic time scale of the heat
conduction equation (1). For a wire of length L, this
characteristic time tc is
 2
L
ρC
tc ∼
2
k

(5)

where k, ρ, and C are the thermal conductivity, density
and specific heat capacity of the substrate material. The
greater the nanowire length, the longer it takes for the
heat front to assume spherical shape around the nanowire
heating source. The greater the heat capacity (ρC) and
the smaller the thermal conductivity, the slower is the
propagation of the heat front in the substrate. The current density does not enter the equation as it only affects
the temperature and not the time or length scale.
Substituting the corresponding parameters for each
case study, we compute the characteristic time tc for the
nanowire with a notch from Sec. III D to be 70 ns, for the
zigzag nanowire from Sec. III E to be 9 µs, and for the
nanowire on diamond from Sec. III F to be 0.3 µs. These
values are in good agreement with the corresponding finite element results from Fig. 4(d), 5(d), and 6(d).
The You model cannot be applied for thin, effectively
two-dimensional, substrates such as the membrane substrate case study in Sec. III C and Fig. 3.
The temperature within the nanowire can show a gradient (hotter at the top, cooler at the interface to the
substrate), and the You model computes the smaller temperature in the wire. For the studies carried out here we
find this temperature difference to be less than 10 K in
all cases although this difference depends on material parameters and wire thickness.

B.

Analytic expression for nanowire on a
membrane

Equation (4) is valid for pulse durations up to the critical duration tc (Eq. (5)) for effectively three-dimensional
substrates, i.e. substrates whose thickness is sufficiently
large so that the heat front in the substrate does not
reach the substrate boundary for t < tc . This condition
is fulfilled for the case studies in Sec. III D, III E, and
III F.
If the substrate is effectively two-dimensional (such as
in Sec. III C), then Eq. (4) cannot be applied. In this
section, we show how Eq. (4) can be adapted to the 2d
case.
The assumptions made in the derivation of Eq. (4) require a system of nanowire and substrate that is translationally invariant in one direction. In Sec. III D–III F
this direction was along the long axis of the wire, and we
refer to this axis as x, and assume that the height h of
the wire extends along the z axis.
For the case of a nanowire on a thin membrane substrate, we can regard the system as two-dimensional by
assuming invariance in the perpendicular direction. In
other words, to apply a modified version of Eq. (4), we
assume that the temperature distribution in the membrane system is invariant along the z axis. We model the
nanowire as embedded in the substrate (not grown on top
of the substrate as in the real system) and imagine an increase of thickness of both the wire and the substrate
such that they expand from −∞ to +∞ in z-direction.
The cooling and heating in each slice (in the x-y plane)
of the nanowire and substrate system is not affected by
cooling and heating from slices above and below; it does
not matter whether we consider only one isolated slice (as
in the real system) or imagine an infinite stack of slices
closely packed on top of each other.
In more detail, we first convert the system of the
nanowire of height h and substrate of thickness d to a
2d system of equal height. We increase the height of the
nanowire by a factor c = d/h so that the wire and the
substrate are now both of height d (assuming that generally d > h but the derivation also holds for d < h). This
increases the volume of the wire by a factor of c, and thus
we will have to correct down the heat emerging from the
wire by the same factor at a later point.
Second, to obtain translational invariance in the zdirection we imagine a stack of such identical 2d systems
on top of each other. Using the substitutions w → L and
h → w, we obtain
!
p
2 tk/(ρC)
Lwj 2 1 1
2d
T (t) =
(6)
arcsinh
πkσ c 2
0.5L
!
p
2 tk/(ρC)
whLj 2
(7)
arcsinh
=
2dπkσ
0.5L
The first fraction in Eq. (6) is based on Eq. (4) and includes the substitutions w → L and h → w, and we also
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substitute w → L in the denominator of the arcsinh argument. The second fraction (1/c) reduces the temperature
increase by c to compensate for the increase of heating
by the factor c above when we increased the thickness
of the nanowire to the thickness of the substrate. The
third fraction (1/2) in Eq. (6) is a correction because
the nanowire is now surrounded by substrate in all directions, and not only in one half-space as in Eq. (4),
thus the cooling is twice as efficient and the temperature
increase is halved.
Equation (7) can be used to compute the maximum
temperature increase T 2d (t) for a nanowire of length L,
width w, and height h on a two-dimensional substrate of
thickness d.
In contrast to T 3d (t) there is no upper time limit tc
for the validity of Eq. (7) as the emerging heat-front will
always stay translationally invariant.
The comparison of T 2d (t) with the finite element simulation results from Sec. III C is shown in Fig. 7. The
overall agreement with the simulation results is good for
all times t.
 
 
 













 

 

 

 

 













FIG. 7. Comparison of simulated wire and substrate temperatures with the analytical expression T 2d (t) from Eq. (7), as
a function of pulse length.

V.

SUMMARY

We have carried out detailed numerical simulations of
the current distribution, Joule heating, and dissipation
of temperature and heat through the nanowire and the
substrate for a number of experiments and three different
substrate types. We find that the silicon nitride membrane (thickness 100 nm) is the least efficient in cooling
a ferromagnetic nanowire that experiences Joule heating. Due to the quasi-two-dimensional nature of the
membrane, the temperature in the nanowire will keep
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increasing proportionally to the logarithm of time for
longer current pulses while the heat front (forming a circle in the membrane substrate) propagates away from the
nanowire, which is located in the center of the heat front
circle.
Using a (effectively three-dimensional) silicon wafer
substrate instead of the (effectively two-dimensional) silicon nitride membrane, there is a qualitative change:
once the steady state is entered, the heat propagates
in three dimensions and keeps the temperature in the
heated nanowire virtually constant. In addition to the
three-dimensionality of a silicon wafer, silicon has a thermal conductivity that is about one order of magnitude
greater than silicon nitride’s (see Tab. I), which helps
with removing Joule heating energy from the nanowire.
If we replace silicon in the 3d substrate with diamond,
the cooling is improved again significantly: diamond’s
thermal conductivity is about an order of magnitude
greater than that of silicon (see Tab. I).
In addition to these generic insights, we have worked
out the temperature increase quantitatively for a series of
recent experimental publications.4,12,13,23,24 The model
simulations presented here show for all of them that the
temperature increase due to the Joule heating did not
result in the temperature exceeding the Curie temperature.
We compare these results to the approximating but
analytical model expression provided by You, Sung, and
Joe1 and investigate the limits of its applicability. We
provide an estimate for the characteristic time tc over
which the You model is valid for three-dimensional substrates.
Finally, we provide a new analytical expression that
allows to compute the temperature for a nanowire on a
two-dimensional substrate in the presence of Joule heating. This expression should be of significant value in
the design and realization of spin-torque transfer studies
on membranes where experimenters are often operating
very close to the Curie temperature or even the melting
temperature, and where no estimate of the wire’s temperature has been possible so far.
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