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Continuum multi-physics modeling with scripting langsadke
Nsimsimulation compiler prototype for classical eld theory.

Thomas Fischbachél, Hans Fangol’ﬂ
School of Engineering Sciences,
University of Southampton
University Road
SO17 1BJ Hampshire
Southampton, U.K.

Abstract We demonstrate that for a broad class of physical systems thaan be de-
scribed using classical eld theory, automated runtime traslation of the physical equa-
tions to parallelized nite-element numerical simulationcode is feasible. This allows the
implementation of multiphysics extension modules to popat scripting languages (such
as Python) that handle the complete speci cation of the phyisal system at script level.
We discuss two example applications that utilize this framgork: the micromagnetic
simulation packageNmagas well as a short Python script to study morphogenesis in a
reaction-di usion model.
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1 Introduction

The approach towards multiphysics simulations chosen fohé Nsim compiler prototype
resolves the fundamental con icts that arise in multiphysts simulations in a di erent way
than other multiphysics packages. We hence discuss some gyah concepts related to
continuum multiphysics rst before we give an overview ovethe structure of Nsimand
its intended uses.

1.1 General aspects of multi-physics simulations

When physical phenomena have to be studied quantitativelyhaat involve complex geome-
tries, numerical methods that discretize space { such as t& element based techniques



{ often are the method of choice. As su cient computing powerto study continuum
phenomena only became available within the last few decagdesntinuum simulations are
a comparatively recent activity within physics. Not surprsingly, the design of computa-
tional simulation packages more or less followed the subjettassi cation of physics, i.e.
there are specialist packages for electromagnetism, uidydamics, elastomechanics, etc.
As the simulation of di erent physical phenomena often reques very di erent numerical
techniques, this certainly is justi ed, but to the physicid who is more interested in the
system he would like to study than in the technology that endbs the analysis, this cre-
ates an awkward problem: Often, interesting phenomena inlve the interplay of e ects
of very di erent nature. To a scientist or engineer who is stdying such situations in sys-
tems with geometries that are simple enough or allow justille approximations so that
they can be handled with pen and paper alone, this is not muct a problem, as she has
learned to use the analytic framework to combine quantitatie descriptions that originate
from di erent branches of physics: the discipline sub-clascation is mostly perceived as
a tool to organize articles in a library. In computer simulaibns of continuum phenomena,
however, this does easily become a problem, as simulatiordes that deal with di erent
phenomena (and usually are fairly complex) are not as easitpmbined as the underlying
equations. This has led to the concept of "Multi-Physics smiations' { a curious term
that is perhaps di cult to make sense of without some undersinding of this context,
in particular the arti cial entrenchment of physics sub-dsciplines imposed by software
requirements that only exists in such a form in computationgphysics.

As “continuum multi-physics' phenomena evidently are techcally very important {
many a device works by utilizing di erent physical e ects, eg. converting one form of
energy into another { this gave rise to "Multi-Physics Simwtion Packages' that have the
capability to combine continuum models from di erent physts sub-disciplines into uni ed
simulations. While the existing packages are invaluablerfthe analysis of a large variety of
commercially as well as research relevant systems, theistg usually is strongly governed
by the idea to support the most well established, most maturephysical models. To the
research physicist working e.g. in a eld where general carsus on the most appropriate
phenomenological model has not been reached yet (such as,efcample, micromagnetic-
spintronic interactions), this results in a serious dilemm@: On the one hand, domain-
speci ¢ simulation packages cannot be used as the system te Btudied involves the
interplay of di erent e ects. On the other hand, multiphysics packages usually do not
support the very specialized sets of equations that are aatly debated in an evolving
eld. The only option that often remains is to invest a large anount of programming
e ort to implement a new niche software framework from scrah.

Certainly, the situation would improve if casual familiarty with computer program-
ming already su ced to combine di erent sets of equations agasily as a physicist is used
to doing it with pen and paper. Essentially, this means thatti should be possible to
specify the physics that governs a system at the level of anaassible high-level scripting
language, as part of a simulation and data analysis script. His idea goes beyond what
many of the more generic object-oriented multiphysics fraeworks o er in that the user
of the framework does not have to have expertise in objectiented programming and
software design. Technically speaking, the main di erencis that the ability to specify
physical equations from within a scripting language requas run-time compilation of phys-
ical equations to fast machine code, while with an "object iented library framework’,
this translation happens in the nal compilation phase thatproduces an executable pro-



gram. The extra degree of exibility o ered by the run-time dynamic approach precisely
parallels the situation that arises when trying to answer th question "how can | write a
program that asks the user to enter a function and then plot itin a language like Python
and in a language like C.

1.2 The Nsimsystem

This work provides a detailed report on both the conceptualsaawell as implementation
aspects of an automatic generic framework for the translath of classical eld theory
physics to parallel numerical simulation code. The user ohé framework provides sym-
bolic representations of algebraic eld equations as wellsadi erential operators which

get mapped to numerical code that executes the correspondicomputations. To give
an example, the discretised sparse matrix operator that mapa scalar eld (%) to its

gradient H; = 7 gets represented by the string <<H(j) || d/dxj phi> "

The simulation compiler Nsim parses such expressions and uses symbolic transforma-
tions to automatically creates the appropriate fast code (& specialization of closures)
that populates the sparse nite element operator matrices.In a parallel computation,
this code is then distributed across all nodes and used to sgt the corresponding sparse
matrices in parallel. Furthermore, as the numerical solubin of ordinary di erential equa-
tions for time integration often bene ts greatly from knowkdge of the system's Jacobian
(e.g. when dealing with sti ordinary di erential equations), the Nsim compiler can do
symbolic transformations on the equations of motion (i.e.aking derivatives) in order to
auto-generate the code needed to populate the Jacobi matrixence rendering the (oth-
erwise often fairly awkward) tasks of manually writing and dbugging the corresponding
low-level code unnecessary.

1.3 Architecture overview

Figure [I shows the di erent layers of the simulation framewtd described in this work.
Level O represents the set of numerical libraries which prige the essential low-level func-
tionality for parallel simulations, the most prominent one being PETSC|I|1] for paralleliz-
able sparse matrix linear algebra, ParMETIS[[Z] for mesh pttioning, and Sundials B]
for integrating sti ordinary di erential equations. Leve | 1 (\ Nsimsimulation compiler")
represents the core of the work described here, and (due tcetheed to do fast symbolic
transformations) has been implemented in the Objective Camanguage |ﬂ4]. There is
a higher-level Python [ES] interface (level 2) to thisNsim library which can be used to
completely specify the physics to be simulated within the Riajon programming language.
We refer to this as the \Nsim model-builder interface”, as it will require some expert
knowledge (of theNsimnotation) to be able to specify a simulation at this level.

For a given research domain, such as e.g. micromagnetismganften observes that
many groups of users (e.g. experimentalists) are mostly arested in carrying out a
limited number of simulation tasks common to the eld, which however, often may use
some theoretical/phenomenological models which may be faom well-established at that
time. Therefore, it makes sense to implement the functiong needed to perform such
numerical simulations as an application library on top of a gneric eld theory package.
This design has been chosen for the micromagnetic simulammada]: The Nmagpackage



Level 3 Micromagnetic simulation Other physics simulation
user interface Nmag [Python] user interfaces [Python]
l i
Level 2 Nsim model-builder interface [Python]
l
Level 1 Nsim simulation compiler [OCaml]
|
Level 0 Low level libraries (MPI, PETSc, ParMETIS, Sundials, etc.)

Figure 1. Overview over software layers.

is just a thin layer of micromagnetism-related de nitions @ top of the (level 2) Nsim
model-builder interface that provides micromagnetic cagmlities in the form of a Python
extension module to the end user. The users of the (level Bmagystem need not be
aware of the lower levels, and can easily combine micromagoeomputations with data
analysis routines o ered by other, unrelated, Python packges.

We include a brief description oNmago better illustrate how the di erent layers t
together, and to demonstrate their di erent purposes. Figte[2 shows an exampl&mag
program as end-users might write it, and gurd3 shows the simation results.

1.4 Research context

The design of this framework is driven by the need to do compert simulations of the
behaviour of engineered systems that involve novel combtiens of physical e ects. As
researchby de nition often has to deal with new suggestions for model equationsathtry
to describe physical behaviour, this situation is markedlgi erent from the one addressed
by commercial multiphysics simulation packages that face strong incentive to only o er
system components based on well-established and by now vydesed theoretical models.
In particular, the authors' highest priority is to provide exibility with regard to the
adoption of novel model equations.
In more detail, the aspects addressed in this work include:

Bookkeeping infrastructure for arbitrary-rank tensorial elds (in arbitrary dimen-

sion) associated with component-dependent physical chataristics (e.g. conductive/non-

conductive).



import nmag
from nmag import SI

#create simulation object
sim = nmag.Simulation()

# define magnetic material
Py = nmag.MagMaterial(name = 'Py' ,
Ms = SlI(1e6, 'A/m'),
exchange coupling = SI(13.0e-12, ‘J/m' )

# load mesh
sim.load_mesh( 'disk.nmesh.h5" ,
[( 'disk" , Py)],
unit_length = Sl(1le-9, ‘m'))

# set initial magnetisation
sim.set_m([0,0,1])

# set external field
sim.set_H_ext([0,0,0], SI( '‘Alm' )

# integrate over time until (meta-stable) equilibrium is fo und
sim.relax()
sim.save_data(fields= ‘'all' ) # save all fields spatially resolved

# -> Plot on left-hand side

sim.set_H_ext([4e4,0,0], SI( ‘Alm' )
sim.relax()
sim.save_data(fields= ‘'all' ) # -> Plot on right-hand side

Figure 2: The Nmagsimulation script used to compute the data shown in guré]3. The
level of computer programming skill required to write suchtert scripts that set up and
execute basic simulations like this should be accessible st research groups in an
active eld like micromagnetism. This Python program impots the Nmadibrary in the
rst line, which is the top-level user interface (level 3 in gure[1) to the Nsimsimulation
package.
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Figure 3: The results produced by the micromagnetic simuletn script from gure

Providing a exible, fully scriptable end user interface tavards compiled code that
can be readily combined with a large collection of existingofiware libraries for
scienti ¢ analysis (level 2), and may be used to quickly putagether domain speci ¢
simulation packages (level 3).

Automatically producing fast machine code from a symbolicepresentation of (po-
tentially non-linear) physical equations that can be changd at run time (e.g. inter-
actively).

Embedding symbolic term transformations in a numerical siolation framework in
order to automatically generate the Jacobian needed for thiame integration of sti
systems.

Relieving the user from having to deal with memory managemeissues.

Psychological aspects related to how convenient di erentystactic approaches to-
wards specifying boundary conditions, equations of motiprtc. turn out to be in
real use scenarios.

This work describes in detail theprototype (level 1) implementation of the Nsim sim-
ulation compiler at the time of this writing. This compiler forms the basis for the mul-
tiphysics micromagnetic simulation library Nmag(level 3). As some parts ofNsim still
experience considerable evolutionary changes, this worevitably su ers from a "moving
target' problem in the sense that there are some loose endsatiwill be addressed in the
future, and that the ongoing development is driven by the inpt from the wider academic
community.

The only spatial discretisation scheme supported bisimis nite element discretisa-
tion using unstructured simplicial meshes (i.e. tetrahed meshes in three dimensions).
While the structure of the system would support generalizains towards other methods
for discretising space, this has not been implemented so .far



The outline of this work is as follows: Section 2 describesdalphenomenological model
that gave the original motivation for this work { micromagndism { and some aspects
of both the relevant physics and its implementation. Sectio 3 provides the context for
the simulation compiler presented here. Section 4 explaifkgey aspects of the model-
builder interface. Section 5 then explains in detail what W level techniques are used
in the prototype implementation to provide this functionaity. Section 6 comments on
limitations, before we summarize in section 7. Appendix A pwvides a complete worked
out (level 2) Python example that shows how to usé&lsimto set up a continuum physics
simulation from scratch.

2 Motivation/Example

The scienti ¢ incentive for this work was provided by the ned to implement an extensible
simulation framework for computational micromagnetism tht is easy to extend towards
novel combinations of e ects, e.g. to quantitatively studymagnetoelectric, magnetother-
mal, and other "'magnetism+X' phenomena. We discuss the sttture of the micromag-
netic Nsimapplication, Nmagin some detail in order to give an example of the techniques
and approaches available to implementors of libraries thateal with other systems.

2.1 Micromagnetism

As mesoscale magnetism involves the interplay of a number pifiysical e ects of very
di erent nature yet similar strength, simulations of mesosopic magnetization dynamics
are at the same time somewhat challenging to set up (due to tla@nount of e ort required
to deal with each relevant e ect separately), yet rich in ineresting behaviour. It is
precisely this richness in structure caused by the compéatin between di erent physical
e ects that makes magnetism an interesting candidate for aumber of applications, rst
and foremost data storage utilizing hysteretic e ects and mitiple (thermally su ciently
stable) local energetic minimum con gurations.

The selection of e ects supported by a micromagnetic simuian framework is to some
degree a matter of practicability and community consensug:rom a condensed matter per-
spective, magnetism interacts with an enormously broad rge of other solid state physics
sectors through thermomagnetic, magnetoelastic, magnefectric and other e ects. As
a number of these o er interesting potential for novel apptations: for example, new
magnetic media storage devices might employ heating to aleothe ferromagnetic phase
transition temperature in Heat Assisted Magnetic Recordigp (HAMR) [7] or exploit spin-
polarized electric currents in novel 3d-magnetic memory @ \Racetrack Memory" [8])
devices. Therefore, one would like a micromagnetic simuian framework to be extensible
enough to easily accommodate such specic additional e ext If it can be designed in
such a way that extensions are treated on the same footing aseady existing features,
then this clearly should be regarded as an important advantge.

From the perspective of using a speci ¢ challenge as guidawhen devising a versatile
general framework, it is important to choose a primary apptation that is su ciently
rich in structure to cover and test the majority of generic fatures required. It hence
seems reasonable to expect that most problems of practicalevance to which theNsim
framework can be applied are structurally much simpler thamicromagnetism.



We brie y describe the structure of the eld theoretical model of micromagnetism as
originally presented by Brown [9].

The fundamental degrees of freedom are provided by a vectoeld M (%) describing
the local magnetization, more precisely, the local magnetidipole momentum density:
When integrated over a region of space, N (¥)d®x gives the total magnetic dipole
momentum contained in that region.

Physically, the magnitude of M is determined by local material properties, hence
constant. (At least in the commonly used zero-temperature itromagnetic model). Thus,
there actually are only two dynamical degrees of freedom avexy point { the direction
of the magnetization vector in spacé. In simulations, one hence usually prefers to take a
unit-normalized eld m= NM=jMj as the fundamental dynamic quantity.

The dynamics of the eld N (%) is governed by the so-called Landau Lifshitz and
Gilbert (LLG) equation which describes the reaction of maggtization to an e ective
magnetic eld. This equation is local and non-linear, but gtl polynomial in the elds
involved. As M| is constant, dM=dt must be perpendicular toM, and in the simplest
possible phenomenological model should be proportional te e ective magnetic eld
strength experienced locally. So, the most general express possible is:

IME= oM F (04 M) M) Fe (9 | )
which is just the LLG equation. The M  H, term gives rise to magnetic precession,
as is easily seen by noting that this is perpendicular to botivf and H. , hence does
not change the angle betweei and H, . Precession usually dominates the motion of a
magnetic moment in an external eld. The other term is dissiptive in nature and causes
the magnetization to eventually align with the applied eld.

In more systematic tensor-index notation (where we now alssuppress the spatial
dependency onx and use Einstein's summation convention), this can be wrign as:

d
dt

with jx being the fully anti-symmetric rank-3 tensor that is de nedby:

Mi = ¢ jjk MjHe k + G ik Mj kmn MmHe i} (2)

det(d; v; W = apcUaVpWe: (3)

While this equation automatically ensures the conservatioof jM j, in numerical simu-
lations that use three coordinates to encode the directiorf &, rounding may cause some
drift that violates this constraint. One convenient way to deal with this problem is to
modify the equation of motion by adding another term which pysically always is zero,
but keeps numerical drift in check:

d
dt
The Nsim prototype exclusively employs tensor-index notation, ashts is both sys-

tematic enough to be processed easily yet powerful enoughdrpress even uncommon
equations, e.g. involving angular momentum ow.

Mi = ¢ jk MjHe k + ik Mj kmnMnH®) + &M M2 MMy (4)

3In group theory language one may think of this as aS?' SO(3)=S0O(2) coset model.

9



Contributions to the e ective magnetic eld strength H, include the externally ap-
plied eld Hey (Which may be Earth's magnetic eld, or a eld applied in a laboratory
setting), the so-called "demagnetization eldHgemag that gives the magnetic eld gener-
ated in one location by the combined e ects of the magnetic goles distributed throughout
the system, as well as others that, for the purpose of magredtion dynamics, behave like
contributions to the e ective magnetic eld, but are not linked to a true magnetic ux
density. One of these is the e ective magnetocrystalline #&otropy Hanis: In crystals,
alignment of the direction of magnetization with a crystalbgraphic axis may be ener-
getically favorable, and a magnetic moment starting out in alirection of non-minimal
energy will precess and ring down in a way that is just equivant to the dynamics mod-
eled by the LLG equation with a direction-dependent e ectie "equivalent' magnetic eld
strength. Physically speaking, the magnetocrystalline asotropy arises from the coupling
of spin and orbital angular momentum of the magnetic electres, hence is a quantum
e ect. Another related quantum e ect gives rise to a further ' magnetic eld equivalent'
contribution: The quantum mechanical overlap between elgon orbitals gives rise to an
“exchange eld strength'He.en Which normally tries to align magnetic moments in paral-
lel that are close to one another. Usually, this is the most iportant contribution to the
e ective eld strength.

The demagnetizing eld Hgemag IS computationally most expensive due to its “every
individual magnetic moment interacts with every other magatic moment from the rest
of the sample' nature. This is of the structure:

Z

Haemagi (%) = d®y Gjk (% %) Mk (¥) %)

where the kernelGj (x%; ¥) gives the magnetic eld at positionx produced by a localized
Dirac dipole at .

The e ective exchange eld strength is phenomenologicallynodeled by taking the
vector (i.e. component-wise) Laplacian of the magnetizatn:

@ @
Hexch;j (%) = Cexch @—% @—%
The magnetocrystallineanisotropyterm usually is described through a truncated poly-
nomial expansion, which is docal function of the magnetizationM (x), or, in tensor-index
notation:

M; (%): (6)

Hanisj = E [M]: Mj (7)

with the energy function being of the form
EM]= EQ+ EYM; + ER MM+ EFM MM, + @1 (8)

(Physically speaking,E© is irrelevant and Ej(l) would behave like another contribution
to the externally applied eld. Nevertheless, this is the mst general form.)

2.2 A micromagnetic simulation

Some results of a simple micromagnetic example calculatiane shown in gure 3, and
have been computed using the script shown in gure 2.
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The system simulated is a magnetic disk with a diameter of 15@anometers (nm)
and a thickness of 5nm. The material parameters are chosen j#&j = 10°A=m, and
Cexch = 1:3 10 1 J=m, roughly similar to those of PermAlloy.

The local exchange coupling favors parallel alignment of ¢hmagnetization N over
short distances, as the black cones representing the dinect of magnetization in gure 3
show. This interaction competes with the demagnetizationnteraction which favors a
con guration where magnetic North and South poles connecina which minimizes surface
charges. The physical solution for the given geometry and nesial parameters in the
absence of any external magnetic elds is shown in gure 3 (i and represents a vortex.
This closed ux con guration of the magnetization minimizes the demagnetization energy,
and incurs only a small energy penalty from the curvature infte magnetization.

Figure 3 (right) shows the resulting equilibrium con guraion if an magnetic eld of
Hex =40 10° A=mis applied, pointing from the left to the right. Comparing the situation
without an applied eld shown in gure 3 (left) to the situati on with the applied eld
(right), the center of the vortex moves downward. This mininzes the overall energy of
the system because a large fraction of the magnetizationgtis with the external eld.

This is a fairly simple micromagnetic example which shouldbavey the kind of complex
physics emerging from competing interactions. Problemské this can often (especially in
complicated geometries) only be tackled successfully uginumerical simulations.

2.3 Multi-physics micromagnetism

The e ective eld He (%) = Hext(%) + Haemag(¥) + Hexen(%) + Hanis(%); collects the con-
tributions outlined above (which all are of computationaly very di erent type) and make
up the conventional micromagnetic model.

There is growing need to include additional physics to thessimulations, such as
e.g. the extra torque on magnetic moments caused by (spinipozed) electric current
densities. This is required to simulate the e ects that may b employed in the data storage
and processing devices of the future.

In micromagnetism, most additional contributions to the egation of motion can be
expressed through local polynomials in other elds, spatiali erential operators of order
at most two, and integrals over propagators from long-rang@teractions. There are rea-
sons based on insights from renormalization theory on themgral structure of a hierarchy
of short-range corrections to classical eld theory that sggest that this is a fairly common
situation that should arise in most other phenomenologicahodels of mesoscopic physics
as well. Essentially, these concepts are applicable in magiplications where the system's
free energy functional can be given as a truncated series arpion.

3 Multi-physics simulations

The need for and growing importance of multi-physics simulimsns has been recognized in
the computational science and engineering community anddaostry for some time [10, 11].
Multi-physics simulations are a relatively new computatioal eld in materials science,
and often simulations are carried out by using two (or more)mulation codes that simulate
one phenomenon each. The dierent codes are run subsequgrdind iteratively until a
self-consistent solution has been found. However, in geakit is desirable to solve all the
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equations simultaneously (even though this often means sting codes cannot be used)
so that { in particular { time dependent processes can be stued more easily.

Particular sectors of computational engineering have beamsing multi-physics sim-
ulations for a long time, including uid-structure interactions and aeroelasticity, and
combustion chamber simulations.

Commercial packages have become available for mainstreamgi@eering applications [12,
13, 14] but there is still need for tools with either speciaed functionality for niche or
emerging research domains or capability to exploit partidar hardware for high perfor-
mance computing.

In more detail, commercial multi-physics simulation toolgsuch as Comsol [13] (for-
merly FEMLAB), and ANSYS [14]) can perform some of the compations required for
micromagnetic simulations (such as computing the currentehsity distribution from a
given applied voltage, or computing the di usion of heat). Hwever, they (at the time of
this writing) cannot carry out the complex high-frequency ntromagnetic and spintronic
dynamics.

While Nsim{ to the authors' best knowledge { is presently unique in its embined
support for runtime translation of model equations, transprent parallelization, generic
tensor-index symbolic notation for physical equations, @ahend user exibility through
utilization of the capabilities of a well-established scpting language, other frameworks
exist that follow an approach towards eld theory simulations which has some overlap with
Nsims. These include the commercial packages listed above, Pack [15], Fast o [16],
as well as the free systems Elmer [17], FEnICS [18], FreeFeb®]] OOMPH-Lib [20],
OpenFEM [21], OpenFOAM [22], and the system presented in [R3

4 Formal speci cations of physical systems

Ideally, automated compilation of eld theoretic systems lsould be able to proceed from
a purely formal speci cation of the equations of motion, thegeometry of the system, and
the initial and boundary conditions to a working simulationof the time evolution of that
system. Work on theNsimprototype system showed major di erences in the usability rad
practicality of di erent notational conventions. At the ti me of this writing the symbolic
conventions suggested must be considered as still being irstate of ux. We hence
report our present ndings, warning the reader that these a preliminary and possibly
subject to some degree of future change as our understandofghe psychological aspects
of mapping physical equations to the ASCII character set imeases.

4.1 A perspective on abstraction

Considering the history of computer programming, an evolidnary step that has come
into reach now is to provide and utilize the linguistic capattities to directly express eld
theory concepts and ideas in computer code and leave the ditaof translating these to
(possibly parallel) matrix/vector operations to a compile. While in the previous visible
evolutionary trend towards ever higher forms of abstractio, high hopes and big dreams
that ultimately failed to manifest were associated with ewy step, important progress
unguestionably has happened nevertheless. While at no ppiwe reached the stage that
would ‘render debugging unnecessary', a higher level of abstion allows one to spend
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e ort more e ciently on dealing with aspects that are closerto the properties of the part
of the real world one tries to model than to the characteristis of the computing machinery
on which this model is implemented.

4.2 Fundamental concepts

A framework designed for the purpose of simulating multiplenteracting physical sectors
(e.g. micromagnetism and heat conduction) requires some stitact notions. It should
be pointed out that both these conceptsas well as their implementation in theNsim
prototype* are su ciently general to support physics in arbitrary dimension, rather than
just three-dimensional space. We use the following terms:

A regionis a (potentially disconnected, potentially multiply conrected) subset of the
cells of a mesh that describe a material with uniform physitgroperties. Regions
are numbered 1, 2, ...and may have additionattributes such as magnetic' or
‘conducting ' that then can be used when specifying di erential operat®. As
this notion is especially important to de ne boundary condions, we extend it to
include pseudo-regions associated to non-meshed outercgavhich carry negative
numbers -1, -2, ... This allows us to use pairs of integers teestcribe boundaries
and designate di erent types of boundary conditions on di eent parts of the outer
boundary of a material { e.g. Dirichlet (constant potentia) boundary conditions on
some faces of a conductor and and von Neumann (no current avg o the sample)
boundary conditions on others.

A site is a position in the mesh that can carry degrees of freedom. \&tmusing rst
order elements, these are just the vertices of the mesh. Whasing second order
elements, this would also include edge midpoints.

An elementis a prescription to associate degrees of freedom to a cellaoimesh
(e.g. a magnetization vector and a conductivity scalar). Uslly, there will be one
element type for every region in the mesh.

A degree of freedonis a single (real oatingpoint) number associated to a sitehat
has anamewhich consists of a string { thestem{ and an array of integers (possibly
of length zero) that describe itsindices where index counting starts at zero. The
name of the degree of freedom describing the x-directed cooment of the electrical
eld strength hence would beE[0], while the name of the z-directed ow of x-
directed momentum could be named_p[0,2] .

A eld is a collection of degrees of freedom obtained by associgtielements to the
cells of a mesh.

A sub eld is a subset of the degrees of freedom of a eld that share thensa name
stem. The rationale underlying this concept is that we may hae to collect multiple
physical elds of di erent origin and nature into a single erity. For example, in a
multi-material micromagnetic simulation, sites belongig to the boundary separat-
ing two magnetic materials will have to carry two di erent types of magnetization.

4With the exception of some surface/surface interaction inegrals that use properties speci ¢ to three
dimensions
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A primary eld is a eld that describes those aspects of the system that can prin-
ciple be in uenced by the experimentor. In micromagnetismboth magnetization
and externally applied eld strength are primary elds.

An auxiliary eld is an intermediate quantity derived either directly from the pri-
mary elds, or from other auxiliary elds. In micromagnetism, the e ective magnetic
eld strength He is an auxiliary eld.

4.3 The language

The formal speci cation of a physical system to be simulatedonsists of:

A description of the geometry (including information aboutregions).
A description of the elds associated to (di erent regionsm) the system.
The speci cation of initial and boundary conditions.

A collection of (local and di erential) equations that detemine how auxiliary elds
are obtained from primary elds.

(optionally) tweaking parameters for improving the compuational e ciency of some
particular parts of the simulation.

Considering computer simulations in the broader context dheir scienti ¢ and indus-
trial environment, there may be important extrinsic aspec associated to some pieces
of such a description: In particular, while it may be desirale to be able to de ne the
geometry of some sample through a small number of equatiomg can realistically expect
that many users will also want to utilize pre-existing geontey descriptions e.g. produced
by some mesh generating CAD software. While thlsim prototype includes some basic
mesh-generating capabilities to demonstrate the concept fully equation-based analytic
system speci cations [24], this so far has not been evolvadta a highly e cient mesh gen-
erating subsystem. As externally generated meshes can béizgéd, work on the geometry
speci cation aspects is presently regarded a lower prioyitissue.

In the Nsimprototype, the layout of a eld is speci ed by providing the association of
elements to mesh regions. An element is either a primary elem, associating a complete
set of tensor degrees of freedom (such &s;Ey; E,) to each site in a mesh cell, or is
a fusion of other elements. Occasionally, we want to work wta collection of elds of
identical layout (i.e. component-wise addition of the enies of the numerical arrays is a
sensible operation) in which the degrees of freedom are meleless addressed through
di erent names. In the micromagnetic applicationNmagthis situation occurs e.g. when
contributions to the total e ective magnetic eld strength Heff which are of very di erent
physical origin are summed. Experiments with a number of derent strategies have
shown that a convenient and uniform approach towards such #@uation is to introduce
“derivatives' of existing eld layouts which are produced ¥ renaming the name stems of
the degrees of freedom. A code example that demonstratesstiiechnique can be found
in appendix A.
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4.3.1 Dierential operators

Di erential operators, which get mapped to sparsely occupd matrices acting on the
data arrays of elds, are specied as strings that get parsedccording to a grammar
which is inspired by quantum mechanical bra-ket notation ath also supports the Einstein
summation convention. In this notation, the Galerkin discetisation of e.g. the heat
di usion operator 7

o @ o) @ m
|\/lll - v @k i @k i dV (9)
is given as:
- <d/dxk DT || d/dxk T>, k:3 (10)

while the operator computing the divergence of a tensor-vad eld of rank two could be
speci ed as:
<divJ(a) || d/dxb J(a,b)>, b:3 (12)

While this “core notation' has been found to be both viable ahconvenient to use, some
of the more complicated extensions are still in a state of uxespecially when involving
boundary conditions. We brie y describe each presently syorted extension in turn as
well as hint at a context in which these become relevant.

Surface derivatives

While the Nsim prototype at present is based on simplicial (in 3d, tetrahewl) rather
than singular homology, i.e. does not allow the associatiamf degrees of freedom to sub-
simplices of volume simplices (such as point or line charyesurface derivatives play such
an important role for continuity equations that a special ntation has been introduced
to deal with them. When sparse operator matrices are being mputed from abstract
operator descriptions by working out integrals over cellsfg@roducts of shape functions,
the eld prex d/dxj causes the replacement of the corresponding eld basis ftion
by its coordinate derivative. Likewise, the eld pre x D/Dxj e ects the modi cations
required to produce matrix contributions that correspond ¢ surface divergence jumps for
simplex faces across which the eld ceases to exist. (The wole integral over the simplex
is replaced by surface integrals over the relevant faces, htiplied by the j-th component
of the surface "normal' (rather, f 1)-vector). The translation of expressions in which
two surface derivatives occur in the same bra-ket, such a®/Dxj phi || D/Dxj phi>
causes an error, as such a product of distributions is not wele ned mathematically.)

In micromagnetism, these surface derivatives are requiréd correctly compute the
surface divergences of the magnetization eld which entehé computation of the demag-
netizing eld as source terms. (Note that for homogeneousimagnetized systems, these
surface magnetic charges are the only sources of the demaigirveg eld.)

Region and boundary restrictions

We may want to restrict some contributions to a di erential goerator to degrees of
freedom associated with some particular mesh regions, ogi@n boundaries. This can
be done by adding a restricting quali er in angle brackets tdhe name of the degree of
freedom. Experience with earlier versions of thidsim prototype has shown that it is sur-
prisingly tricky to de ne a region speci cation language that is both conceptually simple
and at the same time exible enough in order to support all theeommon use cases. The
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present version oNsimuses a simple grammar for boolean logic that refers to regiprop-
erties associated with materials and allows speci catiorsich asJ[not magnetic](2) or
J[conducting and insulated _boundary](1) , and could also handle more complicated
cases such a3|[(ferroelectric or ferromagnetic) and not boundary] . While this
is not expected to be the nal word on region speci cations more simplistic approaches
have been shown to be too clumsy in practice.

Matrix shortening

When employing region-based restrictions, we may want to gstruct a ‘shortened'
version of some matrix operator which maps (potentially) strtened data vectors to (po-
tentially) shortened data vectors. Shortened vectors onlgontain the degrees of freedom
selected by some patrticular region restriction and play amiportant role e.g. when provid-
ing boundary values for (say, Dirichlet) boundary conditios, or exchanging data between
the FEM and BEM parts of some hybrid FEM/BEM code. The syntax gesently used
in the Nsimprototype is to append a semicolon-separated quali er to anperator speci-
cation that gives the left- and right-hand-side restrictions on the degrees of freedom, as
in:

<phi || phi>; (L||R)=(*[|phi[boundary])

Residual gauge xing

When using a linear solvers to invert discretised operatqrsuch as when solving a
Laplace equation to obtain a potential from a charge densityve will have to address the
‘residual gauge symmetry' that corresponds to a (spatiallgonstant) shift of the potential

= ( + ¢) which reduces the rank of the Laplace operator's matrix byree for every
component of connection. Linear algebra libraries usuallyrovide functions to deal with
such situation$ and generally should be preferred over other solutions ($uas introducing
local modi cations to the matrices), as other approaches nyacause a noticeable slowdown
due to unnecessary communication overhead in parallel coatiptions. At the time of this
writing, information about such null spaces has to be spe@d in Nsimwhen setting up
a linear solver to invert a di erential operator. In earlier versions, this was provided as
a grammar extension to the operator speci cation itself. Iis not yet entirely clear what
the best approach is here.

Dirichlet boundary conditions

When working with Dirichlet Boundary Conditions, we may war to exclude certain
rows and columns from the matrix but introduce ones on the dgonal in order to maintain
regularity. This at present can be speci ed using semicoleseparated modi ers of the form
LEFT=RIGH s in:

<d/dxk phi[vol] || d/dxk phi[vol]>; phi[boundary]=phi[bo undary], k:3 ;

but again, this notation is considered to be preliminary anddomewhat unsatisfactory.

Periodic boundary conditions

There are a number of subtle aspects associated to periodmundary conditions which
are explained in detail in [25]. Essentially, periodicitys specied by associating the

Sespecially in conjunction with code-generated equations here an in x notation of logic operations
may not be the most natural and convenient representation
Ssuch as theMatSetNullspace function in the PETSc [1] library employed by Nsim
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mesh with information about sites that are to be identi ed (which need not be at outer
boundaries). Linear operators discretized on such meshesually will want to respect
periodicity. In Nsim degrees of freedom subject to periodic identi cation occunultiple
times in eld data vectors, as this greatly simpli es some oprations, such as interpolating
eld values over the mesh. Duplication of degrees of freedamust not occur, however, in
the state vectors on which the time integrator acts, as this auld cause serious problems
with sti solvers. Therefore, Nsims support for periodic boundary conditions requires
mapping data vectors back and forth between “long' repredations with duplicate entries
and “short' representations without, as well as special tks when automatically generating
a Jacobi matrix that acts on “short' vectors but may involve in its de nition) di erential
operators that deal with “long' vectors.

As a consequence of this approach, operators at present hdaveuse a periodicity
modi cator, as in <phi||phi>; periodic=phi . The e ect is that matrix contributions
computed for one instance of a degree of freedom subject taipdic identi cation will
be added for other copies as well.

Generalized second order operators

Generalized forms of Laplace's operator play an importantote in many systems.
One prominent example is the computation of the electric pential from xed surface
potentials when conductivity is a function of space (or indsd even a dynamic eld).
Here, we have

f=E E= r; F =0 (12)
hence we usually want to solve an equation of the form
r © =0 (13)

with given boundary conditions. In a numerical discretisabn, there is a subtle di erence
between applying two rst-order operators in succession,nd applying one second-order
operator instead that captures the same physical idea: This easily seen by observing
that the split operator approach would produce next-to-nexneighbor contributions where
the single operator approach would only have next-neighbaontributions.

The syntax used inNsimto specify operator matrices that depend on such “middle
elds' is <d/dxk rho|sigma|d/dxk phi>k:3 . In the version of Nsim published at the
time of this writing, a working implementation of code for ppulating and recomputing
sparse operator matrices that involve middle elds is presg but this functionality is not
yet accessible from the user level.

4.3.2 Local non-linear equations

Apart from auxiliary elds that are computed by applying di erential operators to more
fundamental elds, and hence “peek’ the physics in the neigbrhood of a given site, there
also are elds which are being obtained directly from informtion given at the site in
guestion: These elds are usually called "algebraic'. In @riomagnetism, we encounter
both situations in di erent contributions to the e ective t otal eld strength Htotal : The
exchange eld strength is obtained by applying a di erentidoperator to the magnetization
eld that measures how much it "bends' in the neighborhood dd given point, while the
anisotropy eld strength is a (potentially complicated) pdynomial in the local components
of the magnetization vector only.
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Any formalism devised to express the computation of auxilig elds from other elds
residing at the same site imposes a restriction on the verday of the framework unless
it is computationally complete. Hence, theNsim prototype provides both a convenient
tensor-index formula notation for local operators as wellssa way to by-pass it and directly
provide a piece of C code that can implement arbitrarily comated local transforma-
tions on elds. Internally, the tensor notation mechanism &s on top of the more exible
mechanism that allows providing C code and uses both a term z&r and C code gen-
erator. In both cases, the C code that implements local opdians utilizes a number of
machine-generated macros that check the presence of pastar sub elds at a given site
and allow access to their contents.

The problem with user-provided C code is that it presently aanot be derived sym-
bolically to auto-generate entries in the Jacobi matrix regired by the ODE solver for
time evolution, so systems that feature both local equati@not expressible in the present
grammar and sti behaviour that requires obtaining a good aproximation to the Jacobi
matrix are not well supported yet. The general expectationsithat in such situations,
one can either a ord the extra e ort required by the time integrator library to internally
generate an approximation to the Jacobian, or ask for an extsion of theNsim prototype
to provide additional expressive power to the grammar of lat operations: The Nsim
developers would like to hear from users who run into such griems.

The formula notation based speci cation of a local operatio must provide the ranges
of silent indices, a listing of auxiliary local bu ers to be sed intermediately in the compu-
tation, and a sequence of assignments whose left hand sida sub eld degree of freedom
and whose right hand side is a tensor polynomial. This tensgolynomial may involve
pre-de ned constant tensors such as thej, , which is used to express vector cross prod-
ucts. The Landau Lifshitz and Gilbert equation of micromagatism (1) can be expressed
in this notation as:

%range i:3, j:3, ki3, p:3, q:3;

dmdt(i) <- C1 * eps(i,j,k) * m(j)) * H_eff(k)
+C2 * eps(ij.k) * m() * eps(k,p,a) * m(p) * H_eff(q)
+C3 * (1.0 + (-1.0)*m(j)*m(j)) * m(i)

4.4 Field dependencies

Auxiliary elds are computed { sometimes via complicated dpendency hierarchies { from
the primary elds. Internal consistency in a simulation franework demands that the ma-
nipulation of a primary eld followed by reading o the value of an auxiliary eld which
depends on this primary eld (directly or through intermediate quantities) automatically
triggers the recomputations necessary to provide the updad value: the user of a simu-
lation framework expects to see a consistent picture wheralues of auxiliary quantities
always are automatically up to date. This is an important semntic aspect in addition
to the syntactic rules for de ning systems. For micromagnétm, the dependency tree of
primary and auxiliary elds is shown in gure 4 (ignoring dependencies between vectors
distributed across all computational nodes and sequentiabpies on the master node).
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Figure 4: Primary and auxiliary elds in micromagnetism (smpli ed).
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4.5 Other examples

Due to the large number of di erent relevant physical e ects{ some of them computa-
tionally demanding { micromagnetism is a particularly heayweight application of the
Nsim compiler prototype. Simpler physical models to which thésim framework should
be even more readily applicable include:

Heat- ow and thermalization problems.

Combined electric/heat conduction problems.
Landau-Devonshire type models of ferroelectric materials
Ginzburg-Landau theory of superconductors.

Turing's reaction-di usion model of morphogenesis for patrn formation on animal
skins.

A fully worked out example for the last item is given in appenit A.

4.6 Physics beyond this language

While the framework described here is su ciently general taleal with a quite broad class
of problems in classical eld theory, there are a number of oceptual limitations. The
presumably most relevant ones are:

It presently cannot handle problems that involve hyperboti equations that require
a Riemann solver, i.e. hydrodynamic problems.

The abstract framework does not yet provide approaches to wole eld theory to
non- eld-theory physics (e.g. eld-particle interactions as required to model particle
detectors, or coupling to small-scale molecular dynamicsaodels as used e.g. to study
crack formation).

The framework also does not yet support speci cations of damic (moving) bound-
aries.

Theories that require numerical models involving higher deatives (such as the
bi-harmonic equation in elastomechanics) cannot yet be epgssed in the abstract
operator language.

While these limitations can be overcome, they are beyond trszope of this work.

5 The Nsimcompiler prototype

Some of the technical aspects underlying thidsim compiler { especially those related to
parallel computing { warrant a more detailed discussion. Aagjn, we will frequently refer
back to the Nmagnicromagnetic library whenever there is need an example txmain
some particular technique.
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5.1 Bookkeeping over eld degrees of freedom

A central data structure in the Nsim compiler is the eld layout description’ The role of
this eld layout description is to provide information on how to physically interpret the
data contained in a numerical vector that describes the statof a discretised eld.

In the current implementation of Nsim the eld layout data structure is constructed
from a geometrical speci cation of the mesh and additionahformation on the association
of (abstractly described) elements to mesh cells as a furanti of the cell's associated region
number. It would be rather straightforward to extend Nsimin such a way that it also
can handle other types of eld discretisations that are baskon more specialized meshes
(such as regular grids), but this has not been implemented $ar.

At present, the meshes are taken to be composed of simpliclls of arbitrary(!)
dimension (i.e. tetrahedra in three dimensions, pentatogen four). An abstract element,
which is associated to the cells of the mesh by region, proesl information about the
degrees of freedom belonging to this cell (and usually shdrgith neighboring cells).
An element may introduce multiple physical degrees of freeth, and even multipletypes
of degrees of freedom at the same time (e.g. three componeafsthe electrical eld
strength, three components of the magnetic eld strength,rad a mass and charge density
to describe the state of a plasma.) The actual location of a geee of freedom may be given
as a weighted average of the simplex vertex coordinates (foigher order elements), and
the corresponding shape functions are given as polynomiatsbarycentric coordinates.

The individual physical degrees of freedom are taken to bealevalued only. While
it occasionally would be useful to support complex-valueduantities as well, this runs
into problems with Nsim as the underlying sparse matrix linear algebra library (PESc)
cannot handle both real and complex linear algebra at the sartime within a single pro-
gram. This, however, is a purely technological rather than eonceptual limitation. While
a generalized multiphysics framework certainly has to suppt scalar and vector degrees of
freedom, it should also provide higher order tensors of attary rank to model quantities
such as stress, or ow of angular momentum (as e.g. assoc@t® spin-polarized cur-
rents). Furthermore, elds may have internal degrees of feglom, i.e. some of the indices
of a multi-indexed quantity may not correspond to spatial diections. While this situation
is very common in hon-abelian gauge theories (such as quamtiichromodynamics where
QCD "photons' come in eight di erent varieties), there aredw (if any) well known exam-
ples in condensed matter physics. This generalization netleeless is so straightforward
that there would be no point in not supporting it as well, howser.

The eld layout data structure has the capability to provide information about the
type and indices of a degree of freedom as well as its physit@tation in space (both
in real coordinates as well as in the form of a weighted avemg@f the positions of mesh
vertices), its association to mesh cells and the correspang shape functions, the total
volume associated to the “tent' spawned by the shape funatis, other degrees of freedom
residing at the same site and similar bookkeeping informain.

The most important operations that use eld layout information are:

Extracting a particular sub eld from the numerical data desribing a multi-sub eld
eld. This situation can arise when part of the full con guration vector of all degrees

"For historical reasons and due toNsims FEM background, this is called a mesh with elements (mwe)
in the code.
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of freedom (which e.g. is handled by the time integrator) ha® be split and passed
on to individually developed parts of the simulation that dal with speci ¢ physical
sectors (such as e.g. heat di usion).

Re-Uniting sub elds into a uni ed eld vector (the opposite operation of the previ-
ous one).

Extracting some degrees of freedom of a given sub eld into &ater vector con-
taining only a selection of sites (e.g. some particular sade).

Inserting data from a restricted vector into a longer vectofthe opposite operation
of the previous one).

Setting up bookkeeping information for calling machine cadwhich was generated
to handle non-linear purely local ‘reaction-type' equatias later on. (l.e. assembling
tables of pointers into multiple elds, one for every site, @ that compiled code can
access these tables to nd and identify the numerical valuex individual degrees of
freedom living at the given site.)

Probing the value of a eld at an arbitrary position, using the analytic shape func-
tions and interpolation.

Frequently, one wants to use eld vectors which use di erenhames for individual
sub elds, but nevertheless are structurally compatible,.e. component-wise addition of
data vectors is a sensible operation. The most immediate erple of such a situation is
the handling of an equation of the type:

M@) = M) + dt * dM _dt(j) (14)

As was mentioned in section 4.3, usability experiments hawhown that a useful ap-
proach to handle this situation is to implementaliasing: the Nsimuser interface provides
a function (presently namedmwesibling() ) that is given a eld layout as well as sub-
eld name substitutions and produces another “sibling eldayout' which is compatible
with the original one (in the above sense) but uses a di ererget of names for sub elds.
This can be implemented very e ciently if care is taken that the degree of freedom (dof)
data structure does not contain a reference to the sub eld mae but we instead use a
separate function which maps a dof plus a eld layout data strcture to a sub eld name.
Then, virtually all of the entries of the eld layout data structure (with the exception
of the vector containing the abstract elements associatea tmesh cells) can be shared
between the original and the aliased eld layout, making adising very cheap in terms
of memory requirements. Furthermore, there are some sligihtexpensive entries in the
eld layout data structure which are computed on demand whenrst needed, such as
information about all neighboring sites that carry a given gb eld. (This is useful e.g. in
micromagnetism to nd out whether the magnetization vectorchanges so much between
adjacent sites that simulation results cannot be trusted.)These can be shared in such a
way (by introducing an extra indirection level) that computing this information for one
eld layout from a set related through aliasing will also mak this information available
for all others at the same time.
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The present Nmagprototype discerns between primary and sibling eld layout and
does not allow secondary aliasing of aliased elds in ordeo tlimit complexity. (This
arti cial restriction could be removed.)

An important issue with elds is that a sparse matrix produce& from an operator via
Galerkin discretisation doesiot represent the linear mapping from discretized eld vectors
to discretized eld vectors corresponding to the original perator. This can easily be seen
by convincing oneself that the sparse matrix corresponding to the identity operator is
the matrix of integrals over products of shape functions. lisome situations, this is just
what is required. In others, we have to go from a vector of coeients in dual space back
to a vector of coe cients of basis functions. In what followswe will refer to dual space
data vectors as ‘discretised co- elds'. In some situationshese play an important role
as they encode information about spatial integrals, e.g. weh integrating total out ux
of a current across a surface. In others, we have to go from etds to elds. While
there is only one mapping that is compatible with the naturalmapping from elds to
co- elds given by the identity operator (i.e. solving the caresponding linear equation
system), this occasionally is not helpful, in particular ast destroys locality properties:
Considering the combined two-step process of applying a miatand solving an equation
system, we e ectively work with a nonsparse linear mappinglf this contributes to the
Jacobian of the equations of motion, this matrix will correggondingly become nonsparse
and di cult to handle. For this and other reasons, we usuallygo from co- elds to elds
by dividing every vector entry by the integral over the shapdunction associated to the
corresponding degree of freedom (cf. [26]).

During the development of theNsim prototype, the strong distinction between eld
and co- eld data vectors that was implemented by making usef éhe OCaml type system
gradually turned out to be more a hindrance than an advantagesuggesting that soft
agging of numerical data as representing a eld or a co- eldnay be more appropriate.

5.2 Dealing with eld dependencies: the inference mechanis m

Auxiliary quantities are computed from the dynamical degres of freedom via either purely
local (potentially nonlinear) operations, or the applicaion (or inverse application, such
as in solving a Laplace equation) of di erential operators.

More complicated auxiliary elds that involve both di erential and non-linear oper-
ations usually can be regarded as being de ned in terms of agsence of intermediate
auxiliary quantities where each step in the sequence onlyilves one of these two types
of operations. In e ect, this means that there is a dependewpciree for auxiliary elds
which is rooted in the primary elds. For the micromagnetic nodel, this tree is shown in
gure 4.

Auxiliary elds have to be updated in two di erent situation s: either as part of the
e ort to compute the new velocity vector y(t) from the con guration vector y(t) when
performing time integration or to reestablish consistencyhenever the user changed the
physical con guration and reads out some auxiliary quantit from the system. The control
logic required to keep track of the necessary updates of dexil entities mandated by
changes to source entities basically is the same that alsodemlies the "make’ utility
program which deals with dependencies of source and derivegs belonging to a software
project.

While Nsim provides such an inference engine which will keep track ofaliary elds
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that have become invalid, the present prototype requires th dependency tree to be
explicitly speci ed by the user. As this information can be érived mechanically from the

user-provided de nitions of the auxiliary quantities, it would be both feasible and highly

desirable to extend the compiler in such a way that the depeerdcy tree can be generated
automatically in such a way.

In addition to the forementioned purely semantic aspectshe dependency inference
engine also handles bu er updates required to transport nuemical eld data between
individual processes in a parallel computation: Multiple ranipulations of primary elds
will not trigger parallel communication unless some paral computation is executed that
uses these elds.

5.3 Compiling di erential operators

In the Nsim prototype, the translation of a di erential operator to a sparse matrix is a
three-stage process. In the rst stage, the operator string parsed. (The corresponding
parser being generated from a grammar le by a conventionalALR(1) parser generator.)
In the second stage, the left hand side and right hand side ellayouts are analyzed for
all relevant element combinations and a corresponding imaal table is constructed which
contains functions that add contributions to the sparse opator matrix if given the sim-
plex to act on. Both these steps are fast and performed only o& The resulting table
of functions is then used in a third stage to initialize the saprse operator matrix, and can
be re-used to re-initialize the matrix multiple times (e.g.when a ‘'middle eld' changes,
or nodes are moved in space). In a parallel computation, theternal function table is
generated centrally and broadcast over all nodes for subseqt distributed matrix ini-
tialization. This is greatly facilitated by building the compiler on top of an infrastructure
that supports the serialization of functions (rather, closgres) into a network-transportable
representation.

Internally, the various amendments that can be made to an op&tor speci cation
correspond to small modi cations on the functions that actally generate matrix entries.
As the matrix populating function resulting from stage 2 istilly polymorphic with respect
to the few matrix operations required (i.e. adding an entry,ushing, making a matrix,
nishing setup), higher-order programming trivializes mat of these modi cations. E.g.
periodic boundary conditions are implemented by wrapping puthe function making a
matrix entry in such a way that multiple entries are being mae for degrees of freedom
that have multiple images on the mesh.

When the matrix-population functions are used to populate ETSc matrices for the
rst time, some issues arise in conjunction with pre-allodeon techniques: The present
version of PETSc does not release memory that was pre-allte@d when creating a sparse
matrix, and as Nsimat present does not pre-compute the number of entries in eacfatrix
row, so a trick is employed in order to release unused memoryhieh consists of copying
the nished matrix and freeing the originaf.

The compilation of di erential operators is the most compl& piece of code within the
Nsimcodebase that lies at the core of the system, with other partgving evolved around
it.

8The authors thank the PETSc developers for telling them abou this.
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5.4 Solving operator equations

Whenever a physical system involves very fast processesttbame to an equilibrium on
time scales much shorter than those of interest, we may bertdrom employing potential
theory to nd those equilibria that both depend on and in uence the slower physics.
In micromagnetism, this certainly is the case for the eleadmagnetic eld: a change
in magnetization at one end of a sample of size = 1 m will take a characteristic
time of about '=c 3 10 *®s to travel to the other end, while characteristic time
scales for magnetization dynamics are in the range of £8s. Hence, ignoring retardation
and radiative e ects is a good approximation in the computabn of the magnetic self-
interaction of the sample. The situation in micromagnetisms considered to represent a
generic case: the computation of some auxiliary eld (the ageagnetization eld strength
Haemag) Often involves a number of intermediate steps, some of themquiring to solve
a potential equation. In micromagnetism, the problem of nihg Hgemag COrresponds to
removing the longitudinal modes ofWf, asB = H +4 M and ™ B = 0. This can
be achieved either via Fourier transformation on a regulaattice®, or in the the Finite-
Element/Boundary-Element Method approach via a more inveed computation where
two Laplace equations have to be solved for one computatiofi B gemag: One to nd the
magnetic scalar potential corresponding té6" M with natural boundary conditions, and
one to extend the boundary corrections that give "Dirichleboundary conditions with zero
potential at in nity' from the surface to the interior.

While there are many problems where just a single Laplace exjion has to be solved
(e.g. to get the electric current distribution in a conducto), more involved situations
similar to the one described above are assumed to be somewbammon. At present,
Nsim supports these by allowing the user to de ne linear solversnotop of operators
and then specify (parallelizable) sequences of linear diga operations that may involve
applying a solver, going from a co- eld to a eld, etc. While he underlying technology
has been implemented and can be employed to de ne even coroated calculations, the
problem of introducing a convincingly convenient notatiorhas not been addressed yet.
The developers' present view is that supporting a terse ndian for two or three very
common cases that include obtaining a potential from a chaegdistribution as well as
removing some longitudinal part of a tensor eld most likelycovers a large part of all
relevant applications. The ability to specify computationsequences in detail should be
retained for unusual situations.

5.5 Nonsparse linear operators

While every di erential operator will produce a sparse matix when discretised in the
straightforward way on a cell structure in space as a consegnce of its localization prop-
erties, there also are situations when long-range e ects wh couple degrees of freedom
at arbitrary positions have to be modeled. Whenever this haens, the system often
becomes very challenging to simulate, doubly so in the pactilar example of micromag-
netism as in addition to long range interactions, sti ness fothe system becomes an issue
as well.

From the physical perspective, long-range interactions arclosely related to very light

9The OOMMF [27] package is based on such an approach.
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bosonic exchange particles, with the most prominent and thefore dominant case being
that of a massless vector boson such as the photon. Hence, shgroblems that re-
quire the inclusion of long range interactions very frequélg can be tackled by employing
potential theory in some clever way, with the standard prol@m being the solution of
Poisson's equation with Dirichlet boundary conditions atn nity. This can be regarded
as a third class of boundary conditions of great practical iportance in addition to the
more straightforwardly de ned Dirichlet and von Neumann baindary conditions. On un-
structured meshes, a widely used technique to solve this staof problems was given by
Fredkin and Koehler in [28]. Essentially, their hybrid Finte Element/Boundary Element
method boils down to the introduction of a squaréN N matrix, N being the number of
boundary degrees of freedom, that encodes all the informati about boundary-boundary
interactions. For potential problems using rst order elenents, an analytical formula given
by Lindholm [29] that describes the potential of a triangula dipole layer with linearly
varying source density can be used to compute the matrix elemts. While this technique
works su ciently well to be employed e.g. in micromagnetismthere are a number of
problems:

Even for moderately sized simulations, the boundary elemematrix may require a

considerable amount of memory, as well as setup time. (10 08@face nodes would
require 800 MB of RAM using standard 64-bit oatingpoint element repesenta-

tions). This is especially a problem with thin Im geometries.

Lindholm's formula su ers from numerical cancellation prblems in some geometric
con gurations.

In a FE/BE implementation, the latter problem may be alleviaed to some degree by
internally using extended oatingpoint numbers for the conputation, but this often is
impractical. A numerically more useful equivalent of the aginal formula hence would
be desirable. Concerning the former issue, there are appimation techniques to reduce
memory footprint such as using hierarchifg,al matrices whiclare based on a clustered
approximation of propagatorsG(x ) « &G(x) G(y) [30]. The Nsim prototype
supports explicit computation of a nonsparséd N boundary element matrix for rst
order elements based on Lindholm's formula and also can g the HLib [31] library to
use matrix compressiotf. Support for quasi-long range interactions, i.e. forces miiated
by particles whose mass corresponds to a length scale somenehbetween the cell and
the mesh size is not implemented at present.

5.6 Periodic boundary conditions

The term “periodic boundary conditions' is used for two comptually di erent ideas: on
the one hand to reduce the nite-size artefacts in computerimulations of the statistical
properties of a sample, and on the other hand to simulate sornoéthe relevant processes
associated to a single cell in a repetitive sample. Subtlesiges arise when systems made up
of very many periodic copies of a fundamental unit are to bersulated employing periodic
boundary conditions while they also feature long range intactions. In such a situation, it
usually becomes necessary to amend the numerical model wighations between the wave-
vector-zero components of elds. Again, this situation isasy to understand through the

0Due to license issues, HLib does not come withsim but has to be obtained and installed separately.
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example of micromagnetism: While it may be possible to leamnlot about the behaviour
of a system made up of 1000000 identical cells by simulatingsengle cell in the interior
with periodic boundary conditions, the relation between tk average of the magnetization
hVi and the average of the demagnetizing el jemagl OVer the cell are still determined
by the shape of the (faraway) boundaries of the sample only.h&re is some initial support
for these "macro-geometry' e ects iNsim as they are relevant for micromagnetism [25],
but it is not yet entirely clear whether this is su ciently ge neric for other applications
where such situations arise.

Subtle long-range issues aside such as those described abperiodic boundary con-
ditions are supported by allowing meshes to be associatedwinformation on the iden-
ti cation of vertices, from which identi cations of sites also follow (which is especially
relevant for higher-order elements). A generalization thavould often be useful but is
not yet supported would be to allow arbitrary a ne-linear tr ansformations between the
elds living at di erent periodic copies of a site. This woull e.g. allow to simulate systems
with axial symmetry by imposing suitable “periodic boundar conditions' on a wedge, or
to set up systems in which potentials on opposite faces areeitti ed up to a constant,
etc. This approach would, however, raise a number of somewhecky technical issues
related to the automatic generation of Jacobi matrices.

5.7 Local non-linear equations

The other elementary building block of eld operations (ap# from linear, di erential
eld operators) is arbitrary (i.e. usually non-linear) site-local manipulations of elds. In
combination, and through the introduction of intermediateauxiliary elds (such as e.g.
He in micromagnetism), these basic operations cover the vastjority of eld operations
encountered in applications.

The notion of site-local operations encompasses all manipulations on a set of elds
which are to be performed at every mesh site in the same way,canperate on the sub-
eld components of these elds which are located at the specisite only. This basically
corresponds to “considering position dependency as imjhcbeing understood' in phys-
ical notation when giving an equation such as the Landau-lshitz and Gilbert equation
in the form (2).

We may want to use site-local manipulations that involve higly unusual operations
which cannot be expressed easily in arithmetic notation. (¥ example, we may want
to use di erent manipulations depending on whether some teperature is above or be-
low a critical value.) As a consequence, maximum exibilitydemands the capability to
allow arbitrary user-speci ed code to specify local physsc This code nevertheless has
to be executed fast, therefore thé&lsim prototype compiler resorts to employing runtime
compilation techniques, as explained in section 5.11.4.

Before sending user-supplied code to the C compilédsimwraps it up in a block if
#define / #undef macros which allow the user code to refer to local sub eld cgonents
directly by their name and indices, regardless of the eld da vector they are located
int!, Also, Nsimprovides C macros with which presence of a particular sub élat a given
site may be tested, as this may depend on the site in heterosttures.

1The observed utility of this approach was the underlying reason for implementing " eld aliasing’, cf.
section 5.1
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From the perspective of user-supplied local code, tidsimframework provides a con-
text in which to execute this code over all sites of a mesh on aimber of elds (and
co- elds) via wrapping de nitions, as well as behind-the-senes bookkeeping over site-
dependent o sets into the eld data vectors, plus automaticcompilation-on-demand.

While it is crucial to provide maximal exibility to the user through the option to
specify arbitrary code for site-wise execution, it is just@important to also provide an
alternative interface which, rather than asking the user towrite C code, allows speci-
cation of equations in algebraic notation. This is achieveé by employing a LALR(1)
parser generated by OCaml's equivalent of “yacc' from a foahgrammar speci cation and
translating algebraic notation to C code internally, whichthen is provided to the general
mechanism. Also, algebraic notation allows auto-generati of derivatives of equations of
motion (through some internal symbolic algebra) as neededrfthe Jacobian which should
be known (at least approximatively) to successfully emplogome time integrators, such
as CVODE. (Cf. sections 5.8 and 5.10.)

5.8 Computation of the Jacobian dy; (t)=dy

A not too uncommon situation is that the physical system undeinvestigation may be
numerically challenging due to its sti ness. In micromagnism, this happens due to a gap
of more than two orders of magnitude between the charactetistime scales of the reaction
of the system to a strongly localized perturbation. This coms from di erent physical
e ects (in the simplest case, the long-range demagnetizati eld and the extremely strong
e ective exchange coupling that tries to make closely spagenagnetic degrees of freedom
align and move in unison). There are a number of code bases tthmplement time
integration algorithms for sti systems which often can be ged in a "black box' fashion.
Normally, the user of such a time integration library has to povide both a function
that computes the velocities, given some particular statefahe system, as well as a
function that computes the Jacobian. Roughly speaking, thdacobian helps to nd a
transformation from the fundamental degrees of freedom to more useful basis which
allows to separate fast processes ("high frequency rindinfjthe system) which often are
not excited in physical systems from the more interesting #ective slow dynamics.

The Jacobian usually is a function of the con guration and tne, and as it is expected
to be costly to compute, the time integration library will try to avoid recomputation of
the Jacobi matrix as much as possible. (Evidently, some hastics has to be used here, as
it cannot be known beforehand how many processor cycles thengputation of the Jacobi
matrix will take in a particular situation.)

In principle, the Jacobi matrix can be computed automaticdy when given the equa-
tions of motion. In reality, most physical simulations use and-written low-level code
(usually C or FORTRAN) to implement the computation of the numerical matrix entries.
For systems with more complicated equations of motion (sucks micromagnetism), the
implementation of the code that computes the Jacobian can beme a rather tedious and
frustrating process that is prone to errors which here unfaunately are easy to make but
endishly di cult to track down.

For this particular reason, Nsim provides capabilities to automatically generate the
Jacobian from the symbolically speci ed equations of motim While it would in principle
be possible to just use these as they are and symbolically éakecond derivatives, one
discovers in practice that it makes sense to introduce someditional exibility in the
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speci cation of the Jacobian. One important issue is that om may use equations of motion
for the Jacobian (which only needs to be approximatively rigt) which are slightly di erent
from the system's actual equations of motion. For examplef extra nonphysical terms
have been introduced for the sole purpose of numerical stibation, one will usually want
to simplify the Jacobian by not including these. A second typ of important simpli cation
that must be supported is to allow the use of approximationsat derivatives of dependent
elds. In the particular case of micromagnetism, it is usefuto approximate H, =M by
Hexcn=M + H 4is= M, omitting the contribution from the demagnetizing eld (which
would at the same time be very costly to compute, not expregde through a sparse matrix
contribution to the Jacobian, and not a source of fast dynaros).

The present internal design of the component providing synaitic auto-generation of
the Jacobian in theNsimprototype presumably has not settled down to its nal form ye,
as it still appears to be somewhat unwieldy in some situati@n At present, the interface
works in such a way that the user speci es both an equation of @tion, such as e.g. a
string representation of the Landau Lifshitz and Gilbert egation, as well as additional
information on contributions to the derivatives (with respect to the con guration degrees
of freedom) of the elds that appear in the equation of motion This is given as a list, one
entry for each eld that enters the equations of motion (withmeaningless entries such as

M= M ignored). Each list entry itself is a list of contributions which will be summed
and either provide a local non-linear (at present, only polyomial) equation, or a name
of a sparse operator. The former case is used for providingetoontributionto He =M
that comes from the anisotropy eld strength H ,,s= M, while the latter is used to for
providing the H = M contribution.

The system then internally “precompiles’ this informatiorto a function that can be
called in order to (re-)populate the Jacobi matrix. In a pardel computation, this is
handled as with other sparse matrices: the population funicn is generated centrally
and then distributed over the cluster. Evidently, such a maix population operation
also requires making the data necessary to work out the inddual contributions to all
nodes (i.e. a MPlallgather()  operation on relevant elds). Some complications arise
as recomputation of the Jacobian is triggered by the time iefgrator: on the one hand,
rather than just updating the JacobianJ, the sparse matrixl J (with 2 [0; 1) given)
has to be created and updated (in parallel) as well. Furtherore, when doing simulations
with periodic boundary conditions, the situation is compltated by the necessity not to
duplicate entries in the state vector of the time integratio library used by Nsimon the
one hand and the desire to directly use sparse matrices whigbe duplicate entries on the
other hand. Hence, the function that is triggered internajl to recompute the Jacobian
has to do some automatic index mapping to hide this mismatch.

An earlier approach used inNsimto compute the Jacobi matrixJ involved the pre-
computation and distribution of a data structure that provided a symbolic polynomial for
the computation of each nonzero matrix entry. This was soorbalished as it turned out
to use prohibitive amounts of memory.

5.9 The "physics engine' abstraction

When setting up a simulation,Nsimtranslates a complete speci cation of all eld layouts,
elds, sparse and nonsparse operators and linear solvers, &ell as local equations and
eld dependencies to an object-like data structure that preides methods to set and read
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o elds, and to advance time'2. While this “monolithic' approach greatly simpli es the
compiler, it ultimately should be broken up so that it becoms possible to freely add (and
remove) operators to a simulation object after initial setp. Technically, this would be
possible with rather little e ort in the present Nsim codebase, as most of the internal
bookkeeping of dependencies of data structures on one aretlare compatible with such
a restructuring.

5.10 Parallelized time integration

While the idea may be seductive to simplify the code structer of a parallel multiphysics
simulation framework by employing parallel computing onlyfor computationally expen-
sive linear algebra (e.g. solving linear equations) and k@erg time integration centralized
in the controlling process, one nds that for challenging pyblems that involve sti dynam-
ics (such as micromagnetism), such an architectural desigpecomes a major bottleneck:
Measurements show that about as much numerical e ort is redqued to deal with sti ness
in the time integrator as is needed to compute all the expena auxiliary elds. Hence,
time integration has to be fully parallelized as well.

In some situations, time integration has to respect additimal constraints which must
not be violated by numerical drift. Such a situation occursri Nmagwith the magnitude
of magnetization and is dealt with by introducing an additimal term in the equations of
motion for numerical stabilization, as explained in sectio 2.1.

The Nsimprototype presently utilizes the readily parallelizable @ ODE time integra-
tor from the Sundials [3] library. As this is an adaptive algathm whose implementation
in the Sundials library experiences problems with xing ste sizes, theNmagapplication
also contains a xed-step Heun integrator for applicationsvhere this is required. The in-
centive to include this alternative comes from the desire teimulate thermal uctuations
based on Langevin dynamics. However, as the duplication oégtees of freedom due to
periodic boundary conditions needs special handling in tienintegration, this alternative
integrator does not yet support periodic boundary conditios.

5.11 User interaction

The idea of using computer simulations to study some partitar aspect of the behaviour
of a physical system intrinsically calls for a certain levedf exibility. One rather obvious
reason is that one would like to be able to automatize the pressing of simulation results
to tables, diagrams, and other images. In addition to this, Here are situations where
one would like to use a bit of automatized choreography for germing a parametrized
sequence of simulation runs (‘computational steering’). Arime example for this would
be to run a series of individual micromagnetic simulations ere the externally applied
magnetic eld strength varies in a controlled way in order toproduce some particular
switching sequence. Here, one would ideally want to be able wrap some control and
post-processing code around the simulation core in such ayhat the mapping of a given
switching sequence to a number of diagrams which describeethhysics of the process is
fully automatized.

2In the present version of the Nsim prototype, this is (for historic reasons) named a ‘linear agjebra
machine'
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5.11.1 Standalone programs vs. libraries

While such situations that basically ask for a Turing-compte level of exibility are rather
widespread, many specialized software packages have bedttem where the a design mis-
take has been made to initially underestimate the amount ofexibility that eventually
would be required and trying to mend this progressively in kremental steps. Typi-
cally, such systems gradually evolve from being able to reagry primitively structured
con guration les towards using a LALR(1) parser in order to deal with more complex
con guration les towards supporting some rudimentary fom of variables, arithmetics,
and control structure. Subsequently, a need arises for camer data types such as arrays
(which also introduces a number of tricky memory managemergsues), then le 1/0, and
nally the capability to interface C libraries and a debugge.*®

A reasonable approach to avoid this problem is to provide marum exibility from
the beginning through designing the system in such a way th#tprovides all of its special
capabilities in the form of a software library and interfacehis to some existing popular
programming language with a large user base.

5.11.2 The Python scripting language as an especially attra ctive option

For Nsim the design decision to utilize Guido van Rossum's "Pythostripting language [5]
(and hence giveNsim the form of a Python library) was made based on a number of
circumstances:

Accessibility: A le that exclusively consists of a sequence of lines of thierm
\ parameter = value"”, possibly interspersed with comments, already is a valid
Python script. Therefore, simulation speci cations can beas simple or compli-
cated as one likes. It is easily possible to let a pro cient Rlgon programmer add a
very small (\level 4") layer of Python code on top of theNmagystem to turn it into

a very specialized tool for magnetic simulations that als® iextremely simple to use
by less computer literate users { e.g. for automatically prducing a large number of
graphs of hysteresis loops.

Availability: Python is widely available, under a free license, on a largeimber of
platforms.

Familiarity : Python (unlike Lisp/Scheme) has a simple syntax that is edy picked
up by anyone who has had previous exposure to virtually any loér imperative
programming language (such as C, Perl, Matlab, or even the ).

Popularity: Python both has a sizable user base, especially in engiriegr and is
rather accessible for both the inexperienced casual userdatie expert.

Power. Python supports enough abstract concepts (e.g. containéiata structures
such as dictionaries) to make the implementation of more sbysticated algorithms
for control and data processing a realistic option.

13This phenomenon, which has been encountered with word prossors, CAD software, ray tracers,
web browsers, databases, is commonly referred to aGreenspun's Tenth Rule of Programming “Any
su ciently complicated C or Fortran program contains an ad h oc, informally-speci ed, bug-ridden, slow
implementation of half of Common Lisp.'
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Engineering RelevanceThere are a number of Python libraries that make it a viable
substitute for Matlab.

Python support also brings some additional secondary berts:

Interactivity : It is possible to use the Python interface in an interactiveexecute-
commands-as-they-are-given fashion to explore and henc& g more intimate un-
derstanding of some particular system.With Nsim this also works for parallel
computations: interactivity and parallelism do not exclugl one anothef32].

Libraries: There is a large number of third-party Python libraries whech easily can be
used to provide additional capabilities such as databasemuort, image generation,
automatic website generation, and much more.

Debugging Experienced Python programmers can utilize advanced depging ca-
pabilities which usually are hard to nd in application-spei c languages. With
Python, it even becomes possible to interactively inspeché situation in the con-
text where a problem occurred by escaping to a command linef deep within the
program.

However, should Python go out of fashion at some point in theifure (as so many other
scripting languages have donejsimis designed in such a way that it would be possible to
include support for another user interface level languagetiv reasonable implementation

e ort.

5.11.3 Python libraries

While from the perspective of a Python programmemNsimbehaves like a Python library, it
usually is executed as a special program that behaves like extended Python interpreter,
rather than just starting the standard Python interpreter and then importing the nsim
module. There are a number of reasons related to the behavicaf di erent subsystems
utilized by Nsimthat suggest such a design. In particular, some implementahs of the
MPI framework use extra command line arguments to communita parallel execution
parameters which may clash with parameters used by the Pythdnterpreter'. As this
may cause some inconvenience to Python programmers, and hsde issues are merely
technical subtleties rather than truly fundamental limitations that would prevent Nsim
from being turned into a proper Python extension module, ths is actively being worked
on at the time of this writing.

5.11.4 Dynamic fast code and scripting languages

One general problem inherent in a scripting language apprda is that situations may
arise where small pieces of user-speci ed code, such as a.function describing a scalar
potential, or a non-linear local eld equation, has to be eJvaated so often that only a
compiled machine-code version would be su ciently e cient not to dramatically slow
down the simulation. On the other hand, it is highly desiral# to retain full programming
exibility rather than arti cially restricting the types o f functions that can be speci ed.

This also is the reason for the existence of thenpipython program
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There are a number of high level languages which both can besdsnteractively and
produce fast machine code at the same tinte. However, producing machine code from
scripting language code is not a realistic option as scripij language popularity seems
to be strongly in uenced by fashion trends: one would have tbe the system so strongly
to one particular user interface language that switching @r to a di erent one becomes
unrealistic. Also, in the speci c case of Python, the Pythorcompiler, Psyco [35], does
not (at the time of this writing) support code generation formachine architectures other
than x86-32, i.e. cannot generate fast 64-bit code.

Therefore, Nsim pursues a di erent approach: virtually all situations whee user-
speci ed pieces of code in a eld theory simulation system ka to be fast can be regarded
as special cases of routines that implementR" ! R™ function, potentially with addi-
tional internal state, potentially utilizing an extra level of pointer indirection to get at
numerical data. So, theNsim simulation compiler provides capabilities to regard a user
speci able string as a piece of C code and turn this into a calble function. Internally,
this works by dynamically generating a C source le which isent to the C compiler to
produce a shared object which then is linked lazily { i.e. whesuch a function is used for
the rst time { (using the dlopen() anddlsym() functions fromlibdl ) into the running
simulation.

Site-wise execution of C code generated from a speci catiah a local polynomial in
elds (such as anisotropy energy in micromagnetism) usesithmechanism in conjunction
with a number of autogenerated C preprocessor macros as veslan extra array of pointers
to oatingpoint data which provide access to the site-releant eld entries.

This mechanism { implemented in thefastfields ~ module in theNsimcode { satis es
some evidently very desirable properties:

The C compiler is not called unnecessarily: When 100 functie that have to be
compiled are de ned one after another before any one of thera called, only a
single call to the C compiler is being made. (This is achievday lazily deferring
compilation to the latest possible point in time.)

Whenever recompilation is initiated, functions that have lecome inaccessible through
forgetting all references to them (i.e. they have become dpage) automatically dis-
appear from the dynamically generated library. (So, re-d@ing such a function
1000 times during the course of a program will not increase mery usage.)

At any given time, only a single dynamically compiled sharedbject module will
be linked in. (This means that de ning and calling new functons (which induces
recompilation) will have to unlink and reset the symbol-toaddress associations of
other dynamically compiled functions (which will once agai have to be looked up
using disym() after relinking).)

The major drawback of the present implementation is that a sigle syntactic error in
one user-speci ed C function will break all such functionsas it breaks recompilation). The
most promising approach towards this problem presumably i® add an extra checking
phase where the compiler is used on every single function eisispeci ed for the rst time
to nd code errors and reject it (i.e. compile it to a functionthat raises an exception) if
this situation occurs.

BTwo widely known examples would be the CMU Common Lisp compiér [33] and the SML/NJ
system [34]
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5.12 Parallelization

The capability to use parallel computation both to speed upthear algebra as well as non-
linear (site-local) operations as well as to distribute thememory requirements of data
structures should be considered more a necessity than mgrel desirable feature. The
underlying reason is that parallel computation is widely usd in simulations these days,
hence a nonparallel simulation framework would su er fromeerely restricted applica-
bility in view of the present range of problems studied by coputer simulations. This is

much more so due to the increasing availability of multicor€PUs.

5.12.1 The MPI execution model

Concerning parallelized number-crunching (as opposed toge massive parallel lookup
and search operations over clusters of potentially unrebée machines, i.e. search engine
technology), the situation that emerged over the last years strongly dominated by the
availability of a exible uni ed interface for e cient data exchange between processes
partaking in a parallel computation, namely the MPI libraries. Very broadly speaking,
MPI-based programs consist of a mixture of “ordinary' comnmals as well as “collective'
commands. The role of the latter can be regarded as providirg re nement of the
execution semantics of the underlying programming languagmost often, C) by de ning
a kind of ‘'must happen in unison across all processes papiiing in the computation’
generalized execution ow concept. Traditionally, this isusually achieved by writing
MPI-based programs in such a way that all machines run the sarprogram code which
executes the same sequence of statements on all cluster pdery slightly seasoned only
with node-number dependent range selections that ensuresey process works on its share
of the (often, linear algebra based) distributed workloadIn particular, the entire parallel
communication choreography is pre-determined right fromhie start of the program.

We will call this execution model the “choir model': with thamage in mind of songtext
distributed at the beginning to all the singers which precsly de nes when to sing which
tune, where to loop (and how often), etc.

The obvious advantage of this model is that it is very easy tooenprehend, implement,
and debug. In principle, more general distributed algoritims could be (and often are!)
far more complicated. For evident reasons, the choir moded the dominant model for
parallelized number crunching.

Unfortunately, this kind of execution semantics is fundanmally incompatible with
the idea of providing maximum user exibility. In particular, as soon as there is any way
how program ow could depend on nonpredictable external ing (such as, for example,
provided interactively by a human user), the choir model noonger can be applied. In-
stead, we must resort to a more sophisticated model where rmtly the data to be worked
on, but also information about the nature and order of operabns on that data has to be
distributed at run time across all the computation nodes.

Furthermore, subtle issues arise in conjunction with dynamal distributed resource
management. While memory management for conventional pdiel number crunching
programs usually is rather trivial, allocating all relevah data structures in the beginning,
populating matrices, doing the computation, freeing all reources in the end, the situation
is very di erent for highly dynamical applications. When dces a vector which is distributed
across all nodes of a cluster become inaccessible, and i§ thappens, how do we ensure
this resource is freed in unison across all the cluster no@es
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The design decision underlying théNsim compiler prototype is that the user should
not at all have to worry about any issues related to parallebecution. With the present
implementation, this goal has been achieved to the largesbgsible extent. The only parts
of the system that are not fully parallelized are:

Loading the mesh.
Working out the partitioning of mesh vertices across clustenodes.

Some parts of the setup phase, most importantly working outhie o set tables for
local site-wise C code execution.

Writing simulation data.

Computations involving the compressed boundary element i that are based
on HLib. ¢

All these cases raise somewhat tricky conceptual issues twe texpected behaviour of
a parallelized program that have to be resolved.

5.12.2 Mesh partitioning

The Nsim compiler utilizes the Metis/Parmetis [2] library to both work out node re-
orderings that improve the performance of sparse matrix opsors as well as node parti-
tionings across the cluster. Inter-process communicatiaa used to distribute both com-
plete meshes as well as associated partitioning informati@cross all cluster nodes.

5.12.3 Shielding the user from MPI

The Nsim prototype enables the user to set up simulations that allowgrallel execution
without ever having to worry about any details associated wh multi-machine execution
ows. One particular issue is that of allowing users to debugheir own code: if the
complexity associated with parallel execution and colleee MPI commands showed up
at the user level, this would seriously interfere with the w's capability to inspect and
analyze some particular situation interactively in a debuging session. Rather, the user
should never have to concern himself with questions such afigh statements he can
execute interactively and which are forbidden as they woulequire coordinated execution
of MPI-collective commands: things should just work as oneowuld expect with the model
of ordinary single-process execution ow in mind.

This is indeed achievable, but requires extensions to digiute not only numerical data
across the cluster, but information about execution sequees as well. The basic idea is
to let the master node execute the simulation script and makall the other nodes go into
“slave mode' where they receive and subsequently executéagaommand sequences (akin
to OpenGL display lists), and commands from the master. Theotnmands understood
by the slaves include:

Shutdown of the system and subsequent termination of the pgoam.

16 At the time of this writing, parallelizing HLib is actively b eing worked on.
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Parallel linear algebra resource allocation (for vectorsnatrices, linear solvers, etc.,
but also for meshes, eld layouts and functions that popula sparse matrices).

Command sequence registration: a sequence of operationsclwhmanipulate dis-
tributed resources is registered under some particular nanfor later execution (so
that later on, a command sequence can be executed across thuster without hav-

ing to employ parallel communication to send out every singlcommand as it is
executed).

Execution of a previously registered command sequence.
Parallel (linear algebra and command sequence) resourceal®cation.

It is important to note that, while the slave processes conta all the machine code of
the core Nsim executable, they do not run the user's program but are driveexclusively
by commands sent via MPI from the master node.

One could call this the “organ model' (in contrast to the “chlio model’) of parallel
execution: the computation utilizes hardware that is spred out over a large area, and
the musician has full freedom to interweave at will and from a@entral console both pro-
gramming (using organ stops) and playing.

The implementation of theNsimcore internally is based on the Objective Caml system,
which provides a proper substitution-aware function conge that is much more powerful
than the more simplistic concept of a ‘routine' (which is enlpyed by most compiler
languages, such as C, and sometimes confusingly called axcfion' there as well). In
particular, OCaml supports (as an experimental but highly geful feature) the serialization
of functions to strings in such a way that only the implicitly xed contextual ("closure’)
parameters, but no compiled machine code, have to be sent ptlee network. This way,
a function which was de ned through parameter- xing of a moe generic function on the
master node can easily be made available on the slave nodesvaB. This is used e.g. to
gain maximum exibility in distributing functions over the cluster that populate sparse
matrices. However, one consequence is thisimin its present form can not work on
heterogeneous multi-architecture clusters, as one shouidt expect Objective Caml data
structure serialization to be able to cross architecture humdaries.

A Nsimscript can be either started in single-process mode

$ nsim simulation.py
or under MPI control (here, on four nodes) to execute in parkl:
$ mpirun -np 4 nsim simulation.py

Unfortunately, some MPI implementations are somewhat id&yncratic in the way they
provide parallelism to C programs: what e ectively happenss that another pre-startup
layer gets wrapped around the program'siain() function that parses and interprets MPI-
related command arguments. This is then used in conjunctiowith a utility for remote
login (such asssh) for automated coordinated startup of individual processe This has
the unfortunate e ect that it can interfere with argument parsing of scripting language
interpreters, such as Python.

It is important to note that the startup code of the standalore Nsim executable has
to discern between a number of di erent situations: usingNsimto run a user simulation
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program whose lename is given as a command argument inducedi erent startup mode

than starting Nsiminteractively. Furthermore, both interactive and script mode may be
used when runningNsimin a distributed fashion under MPI control. (Interactive MPI-

based parallel execution is a highly uncommon feature, butopsible with Nsim) Note

that in parallel computations, regardless of whether scripor interactive mode is invoked,
slave processes will always go through special startup cadeenter slave mode.

5.12.4 Centrally coordinated parallel linear algebra

The “organ' execution model described in the previous semtirequires the distribution and
management of both linear algebra resources (vectors, ma#s, linear solvers) and control
resources (execution sequences of linear algebra operat)o For the Nsimprototype, the
MPI-based PETSc library was chosen to provide parallel lirse algebra capabilities. In
MPI parlance, PETSc creates an own communicator data strugte to separate its own
parallel communication from other MPI-based communicatio the program may also have
to perform. The Nsimcore uses an additional communicator for its own coordinain and
management-related messages.

The most important issue with dynamic parallel execution islynamic resource man-
agement: both Python and the Objective Caml system provideutomatic resource de-
allocation capabilities (of di erent sophistication) that have to be extended to parallel
resources. Fortunately, it is not necessary to address thatérplay of Python's dynamical
memory management with parallel resources, as all parallesources can be managed
internally by the OCaml system and proper behaviour with rgsect to Python code is
then induced automatically through the Python-OCaml inteface.

The basic idea underlying dynamical resource managementhst, as the master node
has the sole responsibility for execution ow, garbage celttion on the master node will
be the sole authority on dynamic de-allocation of distribugd resources. This is e ected
through addressing all distributed resources in an uniforiway through dynamic resource
handleswhich basically represent names of dynamical resources tdieh a nalizing
function is associated { on the master machine only { that wilbe executed upon garbage
collection. Every process participating in a parallel comgation (including the master)
maintains a dictionary that maps dynamic resource handleotthe actual resources (i.e.
this machine's share of a distributed vector, matrix, or a ditributed script, etc.) When
one dynamical resource (i.e. a command sequence) refers notaer one (i.e. a vector),
it does so by using this dynamical resource handle, so garkeagpllection of the command
sequence resource can induce the de-allocation of otherorgses referred through it.

On the slave nodes, dynamic resource handles are nothing hust keys into a dictio-
nary containing the corresponding resources, without naters attached. They are being
managed (i.e. allocated and de-allocated) exclusively acding to resource management
commands received from the master. Here it is important to low that the OCaml data
serializer works in such a way that turning an entity such as distributed resource handle
into a string and sending it over the network will strip it from its nalizers. Hence, par-
allel command sequences can be serialized and distributednfi the master to the slave
processes conveniently without having to worry about spwus nalizers being introduced
on the slaves.

On the master, de-allocation of a distributed resource ha® tinduce sending out the
corresponding de-allocation commands to the slave nodes,this may involve the execu-
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tion of collective MPI commands. As garbage collection camé will happen at arbitrary
points throughout the execution of a program, for example ithe middle of a registered
sequence of linear algebra commands which involves MPI{ective operations before and
after the garbage collection, the mastemust not induce distributed de-allocation from
within a distributed resource handle nalizer (as this may pset the synchronity of the se-
guence of MPI-collective commands across machines), busiead defer the actual sending
of de-allocation requests to the next point in time when sla@s are again ready to receive
commands from the master. The obvious drawback of this appmoh is that there are
situations where distributed resources refer to other digbuted resources in such a way
that de-allocation cannot happen simultaneously but will i cially be spread out over
multiple cycles of garbage collections and entries to the rdlel command distribution
code. For real world applications, however, this does not pe a problem.

Evidently, the resource tables that map distributed resouwre handles to the actual
resources must not use those actual distributed resourcertthes as keys for which nalizers
were registered (otherwise their presence in these tablesuld prevent them from ever
being collected!) While one may employ weak reference tabl® circumvent this problem,
a simpler approach is to use copies of the distributed res@earhandles as table keys which
do not have nalizers registered.

5.13 On the implementation of  Nsims core capabilities

Underneath the user interfaceNsim has to provide not only numerical capabilities, but
also some rather sophisticated bookkeeping as well as syhib&ransformations (e.g. an-
alytically working out integrals over simplices). Evidenly, it is highly desirable to have
these computationally demanding parts implemented in a fagompiler language. The
mayjor criteria that in uence the choice of a viable compilerto base such a system (devel-
oped in an academic environment) on are:

The compiler should be su ciently well supported to get feetdack from the developer
team when low level technical issues (such as interactiontiviMPI) arise.

The compiler should be able to produce e cient code for the nai widespread
platforms.

The language should provide basic capabilities that are ity useful when imple-
menting symbolic algorithms, including lambda abstractin, closures, tail recursion,
and a proper garbage collector.

The language should be su ciently easy to pick up for new PhDtadents on the
project (which may be physicists or engineers rather than ogouter scientists), so
that they can start to be productive very early on.

The language should allow interfacing specialized C libriass (e.g. for parallel sparse
matrix linear algebra) without too much e ort.

The Nsimauthors found that the Objective Caml system satis es theseriteria very
well. In addition, when the implementation of theNsim compiler started, there already
was an OCaml-Python interface available [36] that provided very tight coupling between
the chosen user interface and the core implementation larage, even to the extent of
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making it possible to wrap up OCaml functions to make them chlble from Python and
vice versa. The implementation ofNsimonly uses a subset of OCaml language features
which is what is known as "Core ML' plus a few extensions. Thanderlying reason is that
this subset of the full language on the one hand already is saiently powerful to tackle
practically all problems that arouse in the implementationof Nsim and on the other
hand is su ciently simple to be mastered by students within dout three months. As an
additional bene t, this voluntary restriction greatly sim pli es porting Nsimto Microsoft's
F# [37].%7

During the implementation of the Nsimprototype, the original "Pycaml’' module (which
also is readily available as “pycaml' package in the popul@ebian GNU/Linux distribu-
tion) was extended considerably by introducing new functies to simplify writing Python
extensions in OCaml. Also, a number of memory management atg#d problems had to
be xed (both on the Python and OCaml side). One of the strongs bene ts of this mod-
ule is that it ‘magically’ handles all memory management rated issues that have to be
addressed in order to make the OCaml garbage collector andtRgn reference counting
mechanism collaborate. This is a short example that demomates how to extend Python
with a fast (i.e. compiled to machine code) implementation foEuler's Gamma function
( X) based on extended Pycaml:

=== 0OCamll ===

let rec euler_gamma =
(* Accurate to eps_rel = 2e-10; See http://www.rskey.org/g amma.htm *)
let pi = 4.0*.(atan 1.0) in
let constants =
[|75122.6331530; 80916.6278952; 36308.2951477;
8687.24529705; 1168.92649479; 83.8676043424;
2.50662827511]]
in

let nr_constants = Array.length constants in
fun x ->
if x<0.0
then -.pi/.(x*.(euler_gamma (-.x))*.(sin (pi*.x)))
else

let rec compute_sum_prod sum prod pow_X n =
if n=nr_constants then sum/.prod
else
compute_sum_prod
(sum+.constants.(n)*.pow_Xx)
(prod*.(x+.(float_of_int n)))
(pow_x*.x) (n+1)
in
let x5 = x+.5.5 in
exp(-.x5)*.(x5**(x+.0.5))
*.(compute_sum_prod 0.0 1.0 1.0 0)
in
let _py _gamma =
python_interfaced_function [|FloatType]|]
(fun py_args ->
pyfloat_fromdouble (euler_gamma (pyfloat _asdouble py_a rgs.(0))))

1At the time of this writing, this is actively being worked on, with rather encouraging intermediate
results: a non-parallel F#-based port of the Nsimframework has been demonstrated in summer 2009 by
M. Franchin [38].
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in
register_for_python [|( "gamma',_py_gamma)]]

=Ss= Python =SEE

>>> ocaml.gamma/(0.5)
1.7724538509046035
>>> math.sqrt(math.pi)
1.7724538509055159

5.14 Performance

Comparison of theNsimbased micromagnetic applicatioNmagvith another nite-element
based micromagnetic package that uses very similar techagly (i.e. the same time in-
tegrator and linear algebra libraries) allows us to get an &h of the performance of the
generic approach towards simulations relative to tailore€ code. Internally, the struc-
ture of the computations done in the main simulation loops diimagnd the nite element
based micromagnetic simulator Magpar [39] are very similanp to minor technical details
such as the question how to enforce the length constraint onagnetization vectors and
how to do residual gauge xing. One nds that for a given systa, the time spent in
the main simulation loop for Nmagand Magpar usually di ers by less than 20% in either
direction. However, both setup time and memory requiremestare presently noticeably
larger for Nmaghan for Magpar. Concerning the setup phase, this is stronglexpected,
as the technology presently underlyindgNsimresembles that of a “bytecode interpreter' for
linear operator descriptions, while Magpar uses hand-wt&n compiled C code to initial-
ize its operator matrices. Presently, theNsim prototype needs about 60% more memory
for internal bookkeeping than Magpar on simulations that a& reasonably large to be of
practical relevance. There is strong evidence that this ofigead is caused by technicalities
in the setup phase and can be brought down quite considerably

6 Limitations

The approach towards simulation physics underlying th&lsimframework has limitations

of di erent nature: fundamental limitations that cannot be overcome, conceptual limi-
tations where it is as yet unclear which approach is the mostrpmising one, as well as
technological restrictions that can (and most likely eventally will) be overcome. As mis-
conceptions about which problem belongs to which categorgaasionally arise, it makes
sense to give a short list of the most relevant issues.

6.1 Fundamental limitations

Numerical simulations based on unstructured (simplicial)nite element meshes naturally
involve a considerable bookkeeping overhead to keep tradktle structure and topology
of both the mesh as well as linear operators. Hence, memorngu@ements are a more
constraining factor here than with nite di erence based snulations and put a stronger
limit on the maximal number of degrees of freedom that can badluded in a simula-
tion. While much of the underlying structure of Nsimcould be extended rather easily to
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support nite di erences and structured meshes in additionto nite elements, the funda-
mental limitation of increased memory requirements for utgictured nite element based
approaches cannot be overcome.

6.2 Conceptual limitations

While most of the pieces for a simple uni ed description langage for physical systems have
been implemented, this has not yet been integrated in such awthat a parallel simulation
can be produced from a single textual description le. Rathethe speci cation has to be
done piece-wise for individual parts such as di erential ggrators, local eld operations,
etc. Technically speaking, this can be easily overcome bynabining these pieces into a
uni ed LALR(1) grammar. However, some unresolved concepaliissues include nding a
suitable (i.e. convenient) notation for computations whik presently have to be speci ed as
sequences of linear algebra operations (such as for the comagion of the demagnetizing
eld in micromagnetism).

By implementing both support for key techniques in conjundgdn with convenient
notational conventions, a simulation framework can gain csiderable expressive power
and broad applicability. From the perspective of renormatiation theory, we would expect
situations to be rare where a eld theoretic model has to empy concepts beyond these:

Di erential operators of order 1 and 2.
Local (i.e. nondi erential) non-linear operators.

Fields mediated by very light or massless particles which\g rise to "Coulomb's
Law' type interactions.

However, this perspective leaves open many important quests on what approach to
discretisation will behave how well or how badly.

6.3 Technical restrictions of the Nsim prototype

For the purpose of providing an overview, we summarize the msiorelevant open issues
that at the time of this writing have not been implemented in he public release of the
Nsim prototype. Most of these have been described in more detail ihe preceding text.

The fastfields  dynamic linking mechanism at present easily gets confusefdtiis

ever fed broken C code. Ideally, calling a dynamically compd function for which
a broken de nition was given should throw an exception whicltontains both the
compiler error message and some context from the code praddby the user. This
is achievable, but has not been implemented yet.

Error reporting can (and eventually must) be improved conslierably. At present,
there are still a few situations where a minor mistake in a sinfation speci cation
can produce a highly cryptic error message (such as \index toof bounds") that is
hard to track down.

Support for dynamic rebuilding of sparse and nonsparse opésr matrices as well
as the inclusion of ‘'middle elds' still is fragmentary in the public release.
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At present, eld dependencies must be speci ed by the user. kile it would be
rather straightforward to auto-derive the eld dependenas from the speci cations
of the linear algebra execution sequences as well as the es@eci ed local equations,
this has not been implemented yet.

Startup argument handling of Nsim still is rather ad-hoc. Basically, there are six
di erent kinds of program arguments that have to be dealt wih:

{ MPI startup arguments

PETSc related arguments

Arguments controlling the Python interpreter
Nsimarguments (controlling e.g. the nsim loglevel)

{
{
{
{ Nsimlibrary arguments (e.g. when using theNmadibrary)
{ Arguments to the user's application/script.

The Nsimteam has a strategy for eventually handling this complexityn a convenient
way, but this has not been implemented yet.

An important limitation of the extended Pycaml Python-OCaml interface module
(to be released separately as a spin-o of thesimproject) is that it is not thread-
safe with respect to Python threads. While this has no relem&e to theNsimproject
at present, the wider community may nevertheless bene t fim making this module
thread-safe.

A major re-structuring of the code that auto-generates theakobian from the equa-
tions of motion has not been fully completed yet.

Nsimdoes not support complex-valued elds (and operators), ahi¢ PETSc library
cannot handle both complex and real vectors at the same timén order to resolve
this, one would most likely have to wait for a major change tohte PETSc library
or nd a way to compile it in such a way that two variants (which use di erent
symbol pre xes) can be linked at the same time, one for real kged computations,
the other one for complex computations (which then would mos$ikely use di erent

MPI communicators).

Nsim presently neither supports dynamic mesh re nement nor nosimplicial mesh
geometries. (Considering re nement, this is considered twe di cult to get right in
micromagnetism, avoiding numerical artefacts.)

Conclusion and outlook

The viability of automated compilation of symbolically spei ed physical simulations to
fast parallel code in a way that preserves user-level seqtiahcomputing semantics has
been demonstrated throughNsim Furthermore, the practicability of such an approach
as a basis for simulations of scienti ¢ relevance also hasdmedemonstrated through the
micromagnetism library Nmagmplemented on top ofNsim As practicality and usability
are the main driving forces underlying the design of thilsimframework, many strategic
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decisions were relentlessly revamped (sometimes multigienes) whenever the authors
discovered that an early design decision had lead to more amvenience in usage than
was originally expected. As such, much of the design Bisim must still be considered a
‘moving target' that has not stabilized in its nal form yet. But for precisely this reason,
malleability of the higher levels close to the end user, it isonsidered important to inform

the wider academic community of the status of this project athe present state and utilize
the academic process to guide further design decisions { ntkat the structure of the

system's simulation core has stabilized { in those directiec most useful for applications.
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A A complete Nsimexample

An example for level 3 Python user code on top of thBimagmicromagnetic library has
been given in gure 2. This appendix provides a complementaidevel 2 Python example
that shows how to employ the concepts described in the main thp of this work to set

up and simulate a complete physical model that involves PDESAIso, it shows how to
combine aNsim simulation with other software libraries for setup, data aalysis, and

plotting. While the simulation script is essentially a seqantial program, it can be started
in parallel on a cluster and will then utilize MPI-based linar algebra to distribute the

simulation-related computational e ort across nodes. Thelata analysis part always gets
executed as sequential code on the master node.

A.1 The physical system

The system to be studied is a reaction-di usion system that &as originally proposed by
Alan Turing as a model for morphogenesis in biological systes [40]. While the framework
provides all the bookkeeping infrastructure (as explaineoh the main part of this work),
the level 2 interface ofNsimis still somewhat rudimentary at the time of this writing,
and could be simpli ed considerably by adding more infererclogic and introducing a
dedicated grammar that can be used to express a complete tagikeci cation: with this,
it should be possible to bring down the programming e ort regired to specify the physics

43



of a eld theoretic system like the one presented here from @sently about 75 lines to less
than 20. One reason for the present redundancy is that, dugnNsinis evolution, major
design changes have occurred, such as the replacement ofdhginal parallel timestepper
functionality with new code that is more tightly integrated with the main part of the
simulation. Such low-level structural changes favor som@&dependence in higher-level
speci cations, which here shows up as redundancy.

The system under study can arise as a linearization around #&gagonary point of a
binary chemical system whose position-dependent conceations u(x;y); v(X;y) change
according to:

fu(u;v)+ Dy u

fyv(u;v)+ Dy v: (15)

%u
EV

Let us assume that the truncated system that is obtained by #eg the diusion
constantsD, = D, = 0 has a stationary point at (up; Vo). Then, the linearized system

that is obtained by taking the ! Olimitof u= up+ t, v=\Vvy+ wis governed by the
equation
d @t @t -~
iov - & & R as)
@u  @v  j(uo;vo) Y

If a number of conditions on the di usion constants and the miix of partial deriva-
tives are satis ed, then the situation can arise that the sytem's stability with respect to
spatially oscillating uctuations of the form

(t(2); %) = (v ;v) coskK %) (17)

is violated for some range of wave-vectois with Knin < jKj < Knax. Over this range of
wave-vectors, initial random uctuations get ampli ed, which leads to the formation of
patterns, as shown in gure 5.

The parameters chosen for this example are:

@t et
&J &/ - +]é +23 ; D,= 0025 D,= 025 (18)
@u @v

on a disk with radiusR = 10. Note that the trace of the linearization matrix is negatve,
while the determinant is positive, so the realparts of the genvalues are negative, and
the system is stable in the long wavelengthk(! 0) limit. For intermediate values ofjKj,
the negative contribution to the determinant from the diagmal entries over-compensates
the positive o -diagonal contribution to the determinant, so the determinant becomes
positive while the trace remains negative, i.e. one of the tweigenvalues will obtain a
positive real part, which causes the instability. For larggkj, the diagonal again gives a
large positive contribution, and the realparts of the eigeralues are negative again.

A.2 The Python code

The complete Python program that produced this output is gien in the following. The
central part that sets up the physics simulation engine is #acall tomakelinalg _machine().
This translates a full speci cation of eld layouts, linear operators, local reaction equa-
tions, short sequences of elementary parallelizable opgoas, and numerical tweaking
parameters to an opaque object that can be used to perform tamnintegration in such a
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Figure 5: Pattern formation from random initial noise by the Turing instability in a
reaction-di usion system.

system. The part of the code starting with thesample_field()  function deals with data
extraction and visualization only.

import math, numpy
from nsim.linalg_machine import *

# Work around a memory management problem of pylab:
import matplotlib

matplotlib.use( 'Agg')

import pylab

(R_disk,s_disk) = (10.0, 0.5)
n_boundary=int(1+2*math.pi*R_disk/s_disk)
n_interior=int(1+math.pi*R_disk**2/(s_disk**2))

disk_boundary=[[R_disk*math.cos(2*math.pi*n/n_bound ary),
R_disk*math.sin(2*math.pi*n/n_boundary)]
for n in range(n_boundary)]

# Generate a mesh - this will just have one material region,

# whose number is 1. (This mesh-generating function gives fa irly

# poor results and is supposed to be used for testing purposes only!)
mesh_disk=ocaml.simple_convex_mesh(disk_boundary,0, n_interior,10)

# Generate a postscript file that shows the 2d mesh:
ocaml.mesh2d_ps(mesh_disk, "/tmp/disk%d.ps" %n,[10.0,10.0,200.0,200.0])

(elem_dim,elem_order)=(2,1)

elem_uv = ocaml.fuse_elements(\
ocaml.make_element("u", [], elem_dim, elem_order),
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ocaml.make_element("v" , [], elem_dim, elem_order))

mwe_uv = ocaml.make_mweéefv" ,mesh_disk,
[(0,ocaml.empty_element), # "vacuum"
(1,elem_uv)L[1.01)

mwe_uv_dot ocaml.mwe_sibling(mwe_uv,'uv_dot" ,
"d_dt_ ", # element renaming prefix

[( "u","u_dot" ), ( "v","v_dot" )])

mwe_uv_diff = ocaml.mwe_sibling(mwe_uv, "uv_diff"
"Diffusion_"
[( Ilull , Ilu_diffll ), ( IIVII , Ilv_diffll )])

# Equations of motion:

eq_ydot = """

u_dot <- u_diff + (+1.0)*u + (+2.0)*v;
v_dot <- v_diff + (-2.0)*u + (-3.0)*v;"""

the_lam=make_linalg_machine( "Turing" ,
mwes=[mwe_uv,mwe_uv_dot,mwe_uv_diff],
vectors=[lam_vector(name= "v_uv" ,mwe_name=uv" ),

lam_vector(name="v_uv_dot" ,mwe_name=uv_dot" ),
lam_vector(name="v_uv_diff* ,mwe_name=uv_diff" )],
operators=J[\
lam_operator( "op_diff" ,"uv_diff" ,"uv" \
"-0.025*<d/dxj u_diff||d/dx] u>\
+(-0.25)*<d/dxj v_diff[|d/dxj v>, j:3" )1,
local _operations=J[\
lam_local( "local uv_dot"
field_mwes=[ "uv_dot" , "uv_diff" ,"uv"],
equation=eq_ydot)],
programs=[\
lam_program(“set_uv_diff"
commands=[['SM*V", "op_diff" ,"v_uv","v_uv_diff* ],
["CFBOX/ "uv_diff* ,"v_uv_diff" 1]]),
lam_program("update_uv_dot" ,
commands=[['GOSUB,""set_uv_diff" ],
["SITE-WISE-IPARAMS"local_uv_dot"
["v_uv_dot" ,"v_uv_diff" ,"v_uv" ],[11]),
1
timesteppers=|[
lam_timestepper( "TS",\
["uv" ,"uv_dot" ,"uv_diff" 1],
["v_uv" ,"v_uv_dot" ,"v_uv_diff" 1],
"update_uv_dot" ,
nr_primary_fields=1,
pc_rtol=1e-8, pc_atol=1e-8,
max_order=2, krylov_max=5,
jacobi_eom=eq_ydot,
phys field derivs=[( "PRIMARY;""),
("PRIMARY;,"" ),
("OPERATOR"op_diff* )],
jacobi_prealloc_diagonal=50,
jacobi_prealloc_off diagonal=50)])
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def advance_time(field,times,do=None):
t_initial=times|[0]

ocaml.linalg_machine_set field(the_lam,field, "v_uv")
ocaml.linalg_machine_initialize_timestepper(\
the lam, "TS", t_initial,
le-7,1e-7) # rel and abs tolerances
n=0
if do: do(field_uv,t_initial,n)
for time in times[1:]:
ocaml.linalg_machine_advance_timestepper(\
the lam, "TS", time,
1000000) # max iterations
n=n+1
ocaml.linalg_machine_get_ field(the lam,field, "v_uv")
if do: do(field _uv,time,n)
return field

def sample_field(field,radius,npoints=128):
v=numpy.zeros([npoints,npoints,2])
step=2*radius/(npoints-1.0)
min_coord=-step*(npoints-1.0)/2.0
coord_range=[min_coord+n*step for n in range(npoints)]
for yc in range(npoints):
for xc in range(npoints):
pos=[coord_range[xc],coord_range[yc]]

z=ocaml.probe_field(field, "u" ,pos)
# z is e.g. [('u', 37.511166751728595)], or []
if len(z)>0:
v[yc,xc,0]=z[0][1]
z=ocaml.probe_field(field, "v" ,pos)

v[yc,xc,1]=z[0][1]
return (v,-min_coord)

def plot_sampled(sampled,color_range=1.0):
pylab.hold(False)
for nr_plot in range(len(sampled)):

print  "Doing plot:" ,nr_plot

(data,xmax)=sampled[nr_plot]

npoints=data.shape[0]

cdata=numpy.zeros([npoints,npoints,4],dtype=numpy.u int8)

for yc in range(npoints):

for xc in range(npoints):
u=data[yc,xc,0]
v=data[yc,xc,1]
red=int(255*(0.5+u/color_range))
green=int(255*(0.5+v/color_range))
red=max(0,min(red,255))
green=max(0,min(green,255))
cdata[yc,xc]=(red,green,255,255)
pylab.imshow (cdata,
interpolation= "nearest"
extent=(-xmax,xmax,-xmax,xmax))
pylab.savefig( "/tmp/turing%02d.png" %nr_plot)

def fun_uv(dof,pos):
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"""This function produces some initial all-wavelength 'no ise™""
(dof_stem,dof_indices)=dof
if pos[0]*pos[0]+pos[l]*pos[1]>80.0:
return 0.0 # No fluctuations close to the boundary
# Pseudo-Random fluctuations otherwise:
return (((((4*math.pi+pos[0])**8)%1.0+\
math.pi+pos[1])**8)%1.0-0.5)*1e-3

field_uv=ocaml.raw_make_field(\
mwe_uv, [fun_uv], # opt. sampling fun

)
plots=[]

def do_add_plot(field,time,n):
print  "\n*** DOING T=%.3f ***\n" %time
plots.append(sample_field(field,1.2*R_disk))

advance_time(field _uv,[x*50.0 for x in range(4)],
do=do_add_plot)

plot _sampled(plots,color_range=5e-3)
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