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B
ayesian

Inference

D
ata:�

(realisation�
)

P
aram

eters,latentvariables:

���
�
	�� 	������ 	� �

Likelihood:�� �� ��

P
rior:��� ��

Inference
is

based
on

the
jointposterior

�� �� ��
�

�� �� ������ ��
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T
hings

ofinterestto
B

ayesians:

�
P

osterior
M

ean
=J� 	� ��

.

�
P

osterior
V

ariance
=

var�
	� ��

.
�

C
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E
xam

ple
2

D
ata �������� �.

are
a

random
sam

ple

from 3� U �NV �

.
N

on-inform
ative

prior
is:

�� U �NV �
 4V  �

Jointposterior:

�� U �NV � ��
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G
eneralproblem

:
evaluating

J�^ *�`_�a �

*�
b� ��
b� +b
can

be
difficult.

(c � *�
b�� ��
b� +b
P d

).

H
ow

ever,ifw
e

can
draw

sam
ples

_
� ��� _
� ������� _
�fe�2��
b�

then
w

e
can

estim
ate

J�^ *�`_�a
gih*e �

43
ej k� *

l _
� j�m �

T
his

is
M

onte
C

arlo
(M

C
)

integration

C
hanged

notation:

� n
bo �� �� �� �
�� b�

p
C

onsistency

F
or

independentsam
ples,by

Law
ofLarge

num
bers,

h*e
�
43
ej k� *

l _
� j�m

q
J�^ *�`_�a

as 3
qd
�

(1)

B
utindependentsam

pling
from��
b�

m
ay

be
difficult.

Itturns
outthat(1)

stillapplies
ifw

e

generate
sam

ples
using

a
M

arkov
chain.

B
utfirst,som

e
revision

ofM
arkov

chains.

r



O
utline:

�

M
otivation

�

M
onte

C
arlo

integration

�

M
arkov

chains

�

M
C

M
C

s
A

M
arkov

chain
is

generated
by

sam
pling

_
� j5 ��2t�
b� b � j�� � & �
4��u������

v v v vxw
t

is
the

transition
kernel.

S
o _

� j5 ��

depends
only

on _
� j�,noton

_
� ��� _
� �������� _
� j D��.

t�`_
� j5 ��� b � j�� b � j D�������� �

t�`_
� j5 ��� b � j��

F
or

exam
ple:

_
� j5 ��� b � j�23� Q �S b � j���4�Q� �

T
his

is
called

a
firstorder

auto-regressive

process
w

ith
lag-1

auto-correlation
0.5

�y



S
im

ulation
ofthe

chain:

_
� j5 ��� b � j�23� Q �S b � j���4�Q�

.

Tw
o

differentstarting
points

are
used.

0
1

0
2

0
3

0
4

0
5

0
6

0

–4 –2 0 2 4

i

P
S

frag
replacem

ents

S
ales

T
im

e

A
fter

about5–7
iterations

the
chains

seem
ed

to
have

forgotten
their

starting

positions.

��
S

tationarity

A
s& qd

,the
M

arkov
chain

converges
to

its
stationary

distribution.

z

{ { {x|

in
distribution

or
invariant

In
the

above
exam

ple,this
is

_
� j�� b � ��23� Q �Q��4�}}� �

as& qd

w
hich

does
notdepend

onb � ��.
D

oes
this

happen
for

allM
arkov

chains?

��



Irreducibility

A
ssum

ing
a

stationary
distribution

exists,it

is
unique

ifthe
chain

is
irreducible.

Irreducible
m

eans
any

setofstates
can

be

reached
from

any
other

state
in

a
finite

num
ber

ofm
oves.

A
n

exam
ple

ofa
reducible

M
arkov

chain:

S
upposet�
b� �� �

Q

forb
~ �

and

� ~ �

and
vice

versa.

�� ��

A

�� ��

B

�-
A

periodicity

A
M

arkov
chain

taking
only

finite
num

ber
of

values
is

aperiodic
ifgreatestcom

m
on

divisor
ofreturn

tim
es

to
any

particular

state!

say,is
1.

�

T
hink

ofrecording
the

num
ber

ofsteps

taken
to

return
to

the
state

1.
T

he
g.c.d.

ofthose
num

bers
should

be
1.

�

Ifthe
g.c.d.

is
bigger

than
1,2

say,then

the
chain

w
illreturn

in
cycles

of2,4,6,

...
num

ber
ofsteps.

T
his

is
notallow

ed

for
aperiodicity.

�
D

efinition
can

be
extended

to
general

state
space

case.�T



E
rgodicity

A
ssum

e
the

M
arkov

chain:

�

has
the

stationary
distribution��
b�

�

is
aperiodic

and
irreducible.

then
w

e
have

an
ergodic

theorem
:

h*e
�
43
ej k� *

l _
� j�m

q
J�^ *�`_�a

as3
qd
�

h*e

is
called

an
ergodic

average.

A
lso

for
such

chains
w

ith

V � �

var�^ *�`_�a
P d

�

the
centrallim

ittheorem
holds

and

�

convergence
occurs

geom
etrically.

�\
N

um
ericalstandard

errors
(nse)

T
he

nse
of

h*e

is
var�� h*e�

,and
for

large3

nseW h*eY g
��� V �3

4
� u e D�

� k� �
�� *�

w
here�

�� *�

is
the

lag-)

auto-correlation
in

� *� _
� j��� .

�
In

generalno
sim

pler
expression

exist

for
the

nse.
�

S
ee

G
eyer

(1992),B
esag

and
G

reen

(1993)
for

ideas
and

further
references.

�]



�

If� *�`_
� j���

can
be

approxim
ated

as

a
firstorder

auto-regressive
process

then

nseW h*eY g
V �3 4
��

4 =�
�

w
here�

is
the

lag-1
auto-correlation

of

� *� _
� j��� .

�

T
he

firstfactor
is

the
usualterm

under

independentsam
pling.

�

T
he

second
term

is
usually�

1.

�

A
nd

thus
is

the
penalty

to
be

paid

because
a

M
arkov

chain
has

been

used.

�p
M

oreover,

�

the
nse

m
ay

notbe
finite

in
general.

�

itis
finite

ifthe
chain

converges

geom
etrically

�

Ifthe
nse

is
finite,then

w
e

can
m

ake
it

as
sm

allas
w

e
like

by
increasing 3

.

�
the

‘obvious’estim
ator

ofnse
is

not

consistent.

S
ee

later.

�r



M
arkov

chains
–

sum
m

ary

�

A
M

arkov
chain

m
ay

have
a

stationary

distribution.

�

T
he

stationary
distribution

is
unique

if

the
chain

is
irreducible.

�

W
e

can
estim

ate
nse’s

ifthe
chain

is

also
geom

etrically
convergent.

W
here

does
this

allgetus?

�s

O
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�

M
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�

M
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C
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�
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chains

�
M

C
M

C

�y



H
ow

do
w

e
constructa

M
arkov

chain

w
hose

stationary
distribution

is
our

target

distribution,�� b�`�

M
etropolis

etal(1953)
show

ed
how

.

T
he

m
ethod

w
as

generalized
by

H
astings

(1970).

T
his

is
called

M
arkov

chain
M

onte
C

arlo
(M

C
M

C
).

��

M
etropolis-H

astings
algorithm

A
teach

iteration&

S
tep

1
S

am
ple

� 2�W �� b � j�Y �

v v vxw

{ { {x|

“candidate”
point

“P
roposal”

distribution

S
tep

2
W

ith
probability

�� b � j���� �
���
4�

�� �� �W b � j�� �Y

�W b � j�Y �W �� b � j�Y

set

b � j5 ���
�

(acceptance)�

else
setb � j5 ���

b � j�

(rejection) �

��



N
ote

that:

�

T
he

norm
alising

constantin�� b�

is
not

required
to

run
the

algorithm
.

Itcancels

in
the

ratio.

�

If�� �� b� �
�� ��

,then
w

e
obtain

independentsam
ples.

�

U
sually�

is
chosen

so
that�� �� b�

is

easy
to

sam
ple

from
.

�

T
heoretically,any

density����� b�

having

the
sam

e
supportshould

w
ork.

H
ow

ever,som
e� ’s

are
better

than

others.
S

ee
later.

�

T
he

induced
M

arkov
chains

have
the

desirable
properties

under
m

ild

conditions
on��
b�

.

�-

Im
plem

enting
M

C
M

C

�

F
lavours

ofM
etropolis-H

astings

�

G
ibbs

S
am

pler

�

N
um

ber
ofC

hains

�

B
urn-in

and
run

length

�
N

um
ericalstandard

errors

�T



T
he

M
etropolis

algorithm

P
roposalis

sym
m

etric:

��
b� �� n
�� �� b�

–
as

proposed
by

M
etropolis

etal.
(1953).

S
pecialcase:

R
andom

-w
alk

M
etropolis

�� b� �� n
��� � =
b�� �

In
this

case:

��
b � j���� �
���
4�

�� ��
�W b � j�Y

�\
E

xam
ple:��
b�

 
9 :;< =
� 7F

�� �� b�
 
9 :;< =
� � D�� 7

� � 1�� 7F

-3
-2

-1
0

1
2

3
0.0
�

0.2
�

0.4
�

0.6
�

0.8
�

p
ro

p
o

s
a

ls

ta
rg

e
t

P
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T
he

Independence
S

am
pler

P
roposaldoes

notdepend
onb

:

�� �� b� n
�� ��

S
o�� b���

has
a

sim
pler

form
.

B
e

w
are:

Independence
sam

plers
are

either
very

good
or

very
bad.

Tails
of�� ��

m
ustbe

heavier
than

tails
of

��
b�

for
geom

etric
convergence.

-6
-4

-2
0

2
4

6

0.0 0.1 0.2 0.3 0.4

p
ro

p
o

s
a

l

ta
rg

e
t

�p
R

eturn
to

the
N

orm
al-C

auchy
exam

ple.

E
xam

ple
1:

Let

�������� �. 2! �! �+ �3� 	��4�

and

��� 	� �

�
�� �5 6G7
� �

P
osterior:

�� 	� ��
 9 :; =

�� 	 = h�� 
u

,
4

4
� 	  �

S
uppose� �

uQ , h� �
Q �Q��S

.
W

ith
theb

notation
w

e
have

��
b�
 9 :; =

�� b =
Q �Q��S� 

u

,
4� 4

� b � �

�r



E
xam

ple
continued...

Let�� �� b� �

�
�� �5� 7
� .

R
unning

the
independence

sam
pler

gives:

0
2

0
0

4
0

0
6

0
0

8
0

0
1

0
0

0

-0.6 -0.4 -0.2 0.0
�

0.2
�

0.4
�

0.6
�

0.8
�

True.m
ean

M
.m

ean
nse

lag-1.cor

_

0.0620
0.0612

0.006
0.172

�s

�

F
lavours

ofM
etropolis-H

astings

�

G
ibbs

S
am

pler

�

N
um

ber
ofC

hains

�

B
urn-in

and
run

length

�
N

um
ericalstandard

errors

-y



G
ibbs

sam
pling

S
uppose

thatb �
�
b�� b������ b��

is

(� � u�

dim
ensional.

G
ibbs

sam
pler

uses
w

hatare
called

the
full

(or
com

plete)
conditionaldistributions:

��
b� � b������� b� D�� b� 5 ������� b��

�

��
b������� b� D�� b� � b� 5 ������� b��

c �� b������� b� D�� b� � b� 5 ������� b�� +b� �

N
ote

thatthe
conditional

��
b� � b������� b� D�� b� 5 ������� b��

is
proportionalto

the
joint.

O
ften

this
helps

in
finding

it.

- �
G

ibbs
sam

pling

S
am

ple
or

update
in

turn:

_
� j5 ��

�

2
��
b�� b � j� � b � j�� � ���� b � j�� �

_
� j5 ��



2
��
b� b � j5 ��
�
� b � j�� � ���� b � j�� �

_
� j5 ��

�

2
��
b�� b � j5 ��
�
� b � j5 ��

� b � j�  � ����

...
...

...

_
� j5 ��

�

2
��
b�� b � j5 ��
�
� b � j5 ��

� ���� b � j5 ��
� D� �

A
lw

ays
use

the
m

ostrecentvalues.

- �



T
hus

in
tw

o
dim

ensions� ( �
u�

,the

sam
ple

path
ofthe

G
ibbs

sam
pler

w
illlook

som
ething

like:
P

S
frag

replacem
ents

¡¢

¡£
¡ ¤ ¥¦

¡§¤ ¢¦

¡ ¤ £¦

¡ ¤ ¨¦

¡ ¤ ©¦

--
E

xam
ple

2.

Let�/ /
1/ 1�23� U �NV �

and�� U �NV �
 
�X 7 �

W
e

had:

�� U �NV � ��
 

W �X 7Y .Z 5 �

,
9 :;< =
> � � AªD[� 7

X 7

F

Let« �
4¬ V .

E
asy

to
derive:

�� U� V ��� �
3� h� �NV ¬ ��

�� «� U ���
�
l . � � ®
� � / =
U� m

- T



S
am

pling
from

fullconditionals

W
e

m
ustbe

able
to

sam
ple

from

��
b� � b������� b� D�� b� 5 ������� b��
to

do
G

ibbs
sam

pling.

In
realproblem

s,fullconditionals
often

have
com

plex
algebraic

form
s,butare

usually
(nearly)

log-concave.

F
or

(nearly)
log-concave

univariate

densities,use
adaptive

rejection
sam

pling

(G
ilks

and
W

ild,1992)
and

follow
-ups.

T
hey

have
codes

(C
and

F
o
r
t
r
a
n

)

available
from

w
w

w
.m

rc-bsu.cam
.ac.uk

-\

�

F
lavours

ofM
etropolis-H

astings

�

G
ibbs

S
am

pler

�

N
um

ber
ofC

hains

�

B
urn-in

and
run

length

�
N

um
ericalstandard

errors

-]



H
ow

m
any

parallelchains
ofM

C
M

C
should

be
run

?

E
xperim

entyourself.

�

S
everallong

runs
(G

elm
an

and
R

ubin,

1992)

–
gives

indication
ofconvergence

–
A

sense
ofstatisticalsecurity.

�

one
very

long
run

(G
eyer,1992)

–
reaches

parts
other

schem
es

cannotreach.-p

�

F
lavours

ofM
etropolis-H

astings

�

G
ibbs

S
am

pler

�

N
um

ber
ofC

hains

�

B
urn-in

and
run

length

�
N

um
ericalstandard

errors

-r



E
arly

iterationsb � �������� b �f¯
�

reflect

starting
valueb � ��.

T
hese

iterations
are

called
burn-in.

A
fter

the
burn-in,w

e
say

the
chain

has

‘converged’.

O
m

itthe
burn-in

from
ergodic

averages:

h*¯e �

43 =
°

ej k¯
5 � *

l _
� j�m �

M
ethods

for
determ

ining °

are
called

convergence
diagnostics.

-s
C

onvergence
D

iagnostics

M
ustdo:

�

P
lotthe

tim
e

series
for

each
quantity

of

interest.

�

P
lotthe

auto-correlation
functions.

Ifnotsatisfied,try
som

e
other

diagnostics.

S
ee

for
exam

ple:

G
elm

an
and

R
ubin

(1992),R
obert(1998),

C
ow

les
and

C
arlin

(1996)
B

rooks
and

R
oberts

(1998).

B
utrealise

thatyou
cannotprove

thatyou

have
converged

using
any

ofthose.

Ty



�

F
lavours

ofM
etropolis-H

astings

�

G
ibbs

S
am

pler

�

N
um

ber
ofC

hains

�

B
urn-in

and
run

length

�

N
um

ericalstandard
errors

T�
S

uppose
w

e
decide

to
run

the
chain

until

nseW h*¯eY

is
sufficiently

sm
all.

F
or

a
given

run
length 3

,how
can

w
e

estim
ate

the
nse,taking

accountof

auto-correlations
in

*
l _

�f¯
5 ��m ������ *

l _
�fe�m

T�



In
the

m
ethod

ofbatching,the
problem

of

auto-correlation
is

overcom
e

by

�

dividing
the

sequence

b �f¯
5 �������� b � e�

into(

equal-length
batches,

�

calculating
the

m
eanM�

for
each

batch

±

,

�

checking
thatthe

M�������NM�

are
approxim

ately
uncorrelated.

T
hen

w
e

can
estim

ate

²nse� hb¯e� �

4
(� ( =
4�
� M/ = hM� �

T-

N
otes:

�

U
se

atleast20
batches.

�

E
stim

ate
lag-1

autocorrelation
ofthe

sequenceK M/O

.

�

Ifthe
auto-correlation

is
high,a

longer

run
should

be
used,giving

larger

batches.

TT



A
gain

return
to

E
xam

ple
2.

Let³ � �
®

./ k� � � / = h�� .
Itis

easy
to

find
analytically:

´� U� �� � h�

and ´� V � �� �
³ �� =

} �

Take 3 �
uQQQ� ° �
3¬`µ

.

T.m
ean

G
.m

ean
nse

lag-1.c

U

5.0675
5.0624

0.0046
0.104
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