
Tu
to

rialL
ectu

res
o

n
M

C
M

C
II

S
u

jit
S

ah
u

a

U
trech

t:
A

u
g

u
st

2000.

You
are

here
because:

�

You
w

ould
like

to
see

m
ore

advanced

m
ethodology.

�

M
aybe

som
e

com
puter

illustration.

aIn
close

association
w

ith
G

areth
R

oberts

�
O

utline:

�

C
onvergence

S
tudy

for
B

etter
D

esign

�

G
raphicalM

odels

�

B
U
G
S

illustrations.

�

B
ayesian

M
odelC

hoice

�
R

eversible
Jum

p

�
A

daptive
M

ethods�



R
ate

ofC
onvergence

Let� ��

define
a

suitable
divergence

m
easure.

R
ate

ofconvergence
is

given
by:

� �
��	


 ���
���� �

w
here

� �
������ 
�� ����

 � ��� !
"����� 
�� � �

w
here

��
�

is
the

density
of # �

��

�"� ��

is
a

non-negative
function

taking

care
ofthe

effectofthe
starting

point.

F
or

exam
ple,if ����

is
the

density
of

bivariate
norm

alw
ith

correlation$

then

� �$&%

.

'
T

he
rate�

�

is
a

globalm
easure

ofconvergence

�

does
notdepend

on�(� 
�,the
starting

point

�

notonly
tells

how
fastitconverges

�

butalso
indicates

the
auto-correlation

presentin
the

M
C

M
C

sequence.

�
the

lastpointis
concerned

w
ith

the
nse

ofergodic
averages.

)



U
se�

to
design

M
C

M
C

.

R
ecall:� �

cor %

for
bivariate

norm
al

exam
ple.

C
an

w
e

have
faster

convergence
if

correlations
are

reduced?

A
nsw

er:
Yes

and
N

o
!

N
o,because

the
correlation

structure

m
atters

a
greatdealin

high
dim

ensions.

*

T
hatis

w
hy,R

oberts
and

S
ahu

(1997)

investigate
to

see
the

effects
of

�

blocking

�

param
eterization

�

correlation
structure

�

updating
schem

es

on
the

G
ibbs

sam
pler

for
G

aussian
cases.

+



E
xtrapolation

�

E
xtrapolate

results
to

the
non-norm

al

cases
w

ith
sim

ilar
correlation

structure.

�

S
om

e
ofthis

should
w

ork
because

of

asym
ptotic

norm
ality

ofthe
posterior

distribution.

�

Tw
o

further
papers

R
oberts

and
S

ahu

(2000)
and

S
ahu

and
R

oberts
(1999)

investigate
the

issues
in

detail.

,
W

e
show

:

U
nder

a
G

aussian
setup

the
rate

of

convergence
ofthe

E
M

/E
C

M
algorithm

is

the
sam

e
as

the
rate

ofconvergence
ofthe

G
ibbs

sam
pler.

Im
plications:

�

ifa
given

problem
is

easy
(hard)

for
the

E
M

,then
itis

easy
(hard)

for
the

G
ibbs

too.

�
can

use
im

provem
entstrategy

for
one

algorithm
to

hasten
convergence

in
the

other.

-



E
xtra

benefits
offirstrunning

the
E

M
:

�

E
M

convergence
is

easy
to

assess.

�

C
an

use
the

lessons
learned

to

im
plem

entthe
G

ibbs.

�

C
an

use
the

lastE
M

iterate
as

the

starting
pointin

M
C

M
C

.

F
urther,w

e
also

prove
the

intuitive
result

that
under

conditions
the

G
ibbs

m
ay

converge
faster

than
the

E
M

algorithm

w
hich

does
notuse

the
assum

ed
proper

prior
distributions.

.

/

E
xam

ple:
S

ahu
and

R
oberts

(1999)

0 12
�

354
61 4
712 �

61
8
9�;:�=< %% �

712
8
9�;:�=< %� �

T
his

is
called

N
C

E
N

(notcentered).

P
riors:

�>? < %%
�@ 8A��B

� B
�

�>? < %� �C 8A��B
� B
�

�
F

latprior
for3

.�D



H
C

E
N

(hierarchically
centered)

(G
elfand,S

ahu
and

C
arlin,1995)

0 12
�

E 1 4
712 �

E 1
8
9� 3 �=< %% �

712
8
9�;:�=< %� �

A
U

X
A

(A
uxiliary,M

eng
and

V
an

D
yk,1997)

0 12
�

354
@ FG %61 4
712

61
8
9�;:� @ H� �I F��

712
8
9�;:�=< %� �

��
N

C
E

N
A

U
X

A
H

C
E

N

E
C

M
A

lgorithm

R
ate

0.832
0.845

0.287

N
IT

3431
150

15

C
P

U
23.32

5.57
0.25

G
ibbs

S
am

pler

J

0.786
0.760

0.526

J
=

P
rincipaleigenvalue

ofthe
lag

1

auto-correlation
m

atrix
of

� 3 � ���=< %�
��

%
�=< %�

��
�
���



O
utline:

�

C
onvergence

S
tudy

�

G
raphicalM

odels

�

B
U
G
S

illustrations

�

B
ayesian

M
odelC

hoice

�

R
eversible

Jum
p

�

A
daptive

M
ethods�'

D
irected

acyclic
graphs

(D
A

G
)

F
or

exam
ple,the

D
A

G
-

a
graph

in
w

hich
all

edges
are

directed,and
there

are
no

directed
loops-

P
S

frag
replacem

ents

a
b

cd

expresses
the

naturalfactorisation
ofa

joint

distribution
into

factors
each

giving
the

joint

distribution
ofa

variable
given

its
parents

 ��K� 6�=L�=M� � � K�  � 6�  � LN K� 6�  � MN L�

�)



T
he

role
ofgraphicalm

odels

�

G
raphicalm

odelling
provides

a

pow
erfullanguage

for
specifying

and

understanding
statisticalm

odels.

�

G
raphs

consistofvertices
representing

variables,and
edges

(directed
or

otherw
ise)

thatexpress
conditional

dependence
properties.

�

F
or

setting
up

M
C

M
C

,the
graphical

structure
assists

in
identifying

w
hich

term
s

need
be

in
a

fullconditional.

�*
M

arkov
P

roperty

V
ariables

are
conditionally

independentof

their
non-descendants,given

their
parents.

P
S

frag
replacem

ents

a
b

cd

e f

In
the

graph
show

n,c
is

conditionally

independentof(f,e)
given

(a,b,d).

F
ind

other
conditionalindependence

relationships
yourself.�+



S
ince

 � �ON � H
O��P
 ����

as
a

function
of�O ,

 � �� �O� Q
 R �ON �

pa� O� S �

w
here" �

allpossible
vertices,im

plies

 ���ON � H
O�
�
 R �ON �

pa� O� S T

UV WO�

pa� V�  R �VN �

pa� V� S

pa=
parents, �

X �

everything
butX

in"

.

T
hatis,one

term
for

the
variable

itself,and

one
for

each
ofits

children.

�,
P

S
frag

replacem
ents

a
b

cd

e f

In
the

above

 � LN rest��P
 � LN K� 6�  � MN L��Y

Leads
us

to...

�-



O
utline:

�

T
heoreticalC

onvergence
S

tudy

�

G
raphicalM

odels

�

B
U
G
S

illustrations

�

B
ayesian

M
odelC

hoice

�

R
eversible

Jum
p

�

A
daptive

M
ethods�.

B
U
G
S

B
ayesian

inference
U

sing
G

ibbs
S

am
pling

is
a

generalpurpose
com

puter
softw

are
for

doing
M

C
M

C
.

�

Itexploits
the

structure
ofthe

graphical

m
odels

to
setup

the
G

ibbs
sam

pler.

�

Itis
(still!)

freely
available

from

�
w

w
w

.m
rc-bsu.cam

.ac.uk

W
e

w
illgo

through
tw

o
non-trivialexam

ples.

(S
orry,no

introduction
to

B
U

G
S

).

�D



/

E
xam

ple:
R

egression
m

odels
w

ith
fat

tails
and

skew
ness.

A
ssum

e

0 1
�Z4

[���1 �
\�� 4

C ]1 4
71 Y

and�

S
pecification

for7 .
1.71 89�;:�=< %�

2.71 8^_I �� :�=< %�

�

S
pecification

for]

.

1.]1
89� :� >��`� ]1
a :�

2.]1
8^_�;:� >��`� ]1
a :�

��

�C ,Z

and[

are
unrestricted.

�< %

andb

are
given

appropriate
prior

distributions.

A
lldetails

including
a

recenttechnical

report,com
puter

program
s

are
available

from
m

y
hom

e-page.

w
w

w
.m

aths.soton.ac.uk/staff/S
ahu/utrecht

��



P
lease

m
ake

your
ow

n
notes

forB
U
G
S

in

here.

B
asic

5
steps:

�

check
m

odel

�

load
data

�

com
pile

�

load
inits

�

gen
inits

T
hen

update
(from

the
M

odelm
enu)

and

S
am

ples
(from

the
I nference

m
enu).

�'

/

E
xam

ple:
A

B
ayesian

testfor

determ
ining

the
num

ber
ofcom

ponents
in

m
ixtures.

D
evelop

further
the

ideas
ofM

engersen

and
R

obert(1996).

LetM� c �d� �
efg c����

d� �� c���� M�

be
the

K
ullback-Leibler

distance
betw

eenc

andd

.

Let

c �
h����� �

h2;i� j
2 c2 ���N 32 ��Y

W
e

develop
an

easy
to

use
approxim

ation

forM� c �
h��c �
h H��� .�)



T
he

B
ayesian

testevaluates
the

posterior

probability

kl��m� �kno M� c �
h��c �
h H��� !

LN datap Y
A

sim
ple

decision
rule

is
to

selectthem �
>

com
ponentm

odelifthe
above

posterior

probability
is

high,(greater
than: Yq ,for

exam
ple).

A
gain

the
paper

and
com

puter
program

s

are
available

from
m

y
hom

e-page.

�*

Norm
al M

ixtures

density

-4
-2

0
2

4

0.0 0.1 0.2 0.3 0.4

P
S

frag
replacem

ents

Log
B

ayes
factor

D
istance

H
ow

to
chooseL

?

H
eightat0

decreases
as

distance

increases.
F

ive
norm

alm
ixtures

corresponding
to

distance
=

0.1,0.2,0.3,

0.4
and

0.5.

�+



O
utline:

�

C
onvergence

S
tudy

�

G
raphicalM

odels

�

B
U
G
S

illustrations.

�

B
ayesian

M
odelC

hoice

�

R
eversible

Jum
p

�

A
daptive

M
ethods�,

W
illdiscuss

1.
A

very
sim

ple
m

ethod:
C

ross-validation

2.
A

very
com

plex
m

ethod:
R

eversible

Jum
p

A
ssum

e: r�� YYY� rs 8t Yt YM Yc� 0N�u� .
P

aram
eteru

.

E
xam

ine
the

influence
of02

to
the

‘fit’.

D
one

by
using

the
cross-validatory

predictive
distribution

of02 .

c� 02 N 0 H2 � �
c� 02 N�u�0 H2 �  � uN 0 H2 � Mu

T
his

is
called

the
conditionalpredictive

ordinate
or

C
P

O
.C

an
calculate

residuals

02 �
v� 02 N 0 H2 ��Y

�-



H
ow

to
estim

ate
the

C
P

O
?

G
elfand

and

D
ey

(1994).

C
an

be
show

n:

c� 02 N 0 H2 � �
vwx yz

>
c� 02 N 0 H2 � u�{ H�Y

Let| u � ��}

be
M

C
M

C
sam

ples
from

the

posterior.
T

hen:

~c� 02 N 0 H2 � �

>
9 �
�

�� i�I �
>

c� 02 N�u � ��� H�

for
conditionally

independentdata.

P
lotthe

C
P

O
’s

againstobservation
num

ber.

T
hen

detectoutliers
etc

for
m

odelchecking.

�.

/

E
xam

ple:
A

daptive
score

data,C
ook

and

W
eisberg

(1994).

S
im

ple
Linear

regression.

•

•

•
•

•

•
•

•
•

•

•

•

•
• •

•
•

•

•

•

•

x

y

10
20

30
40

60 70 80 90 110

•
•

•
•

•
•

•
•

•
•

•
•

•
•

•
•

•
•

•

•
•

N
um

ber

cpo

5
10

15
20

-8 -7 -6 -5 -4

T
he

log(cpo)
plotindicates

one
outliers.

'D



T
he

psedo-B
ayes

factor

P
sB

F �
U2 c� 02 N 0 H2 � ���

U2 c� 02 N 0 H2 � �%�
is

a
variantofthe

B
ayes

factor �

M
arginalLikelihood

under��
M

arginalLikelihood
under �% Y

T
here

are
m

any
other

excellentm
ethods

available
to

calculate
the

B
ayes

factor,see

D
iC

icio
etal.

(1997)
for

a
review

.

W
e

nextturn
to

the
second,m

ore
com

plex

m
ethod.

' �
O

utline:

�

C
onvergence

S
tudy

�

G
raphicalM

odels

�

B
U
G
S

illustrations.

�

B
ayesian

M
odelC

hoice

�
R

eversible
Jum

p

�
A

daptive
M

ethods' �



R
eversibility

A
M

arkov
chain

w
ith

transition
kernel

k� 0N ��

and
invariantdistribution ����

is

reversible
if:

 ���� k� 0N �� � � 0� k���N 0��Y

�

T
his

is
a

sufficientcondition
for � ��

to

be
the

invariantdistribution
of k� �N �� .

�

R
eversible

chains
are

easier
to

analyse.

�

A
lleigenvalues

ofk

are
real.

�

R
eversibility

is
nota

necessary

condition
for

M
C

M
C

to
w

ork.

�

T
he

G
ibbs

sam
pler

w
hen

updated
in

a

determ
inistic

order
is

notreversible.

''

Jum
p

G
reen

(1995)
extended

the

M
etropolis-H

astings
algorithm

for
varying

dim
ensionalstate

space.

Letm
� �

.
C

onditionalonm

,the
state

space
is

assum
ed

to
be�h

dim
ensional.

R
ecallthatthe

acceptance
ratio

is:

Z����0� ����
>�  � 0�

 � �� �
� �N 0�

�
� 0N �� Y

N
ow

require
thatthe

num
erator

and

denom
inator

have
densities

w
ith

respectto

a
com

m
on

dom
inating

m
easure

(“dim
ension-balancing”).

T
hatis,a

dom
inating

m
easure

for
the

jointdistribution

ofthe
currentstate

(in
equilibrium

)
and

next

one.

' )



W
e

need
to

find
a

bijection
����=����
� 0 � X�

w
here�

andX

are
random

num
bers

of

appropriate
dim

ensions
so

that

dim����=�� �

dim� 0 � X�

and� 0 � X� ������=��
w

here
the

transform
ation

is
one-to-one.

N
ow

the
acceptance

probability
becom

es:

Zo����=�� �� 0 � X�p �

���
>�  � 0� d %� X�

 ���� d �� �� ���� �
�����=��

�
� ��=�� ����

Y

w
hered �� ��

andd %� X�

are
the

densities
of

�

andX

.

H
ow

can
w

e
understand

this?

'*

T
he

usualM
-H

ratio:

Z����0� ����
>�  � 0�

 � �� �
� �N 0�

�
� 0N �� Y(1)

N
ow

reversible
jum

p
ratio:

Zo� ��=�� �� 0 � X�p �

���
>�  � 0� d %� X�

 � �� d �� �� ���� �
�� ��=��

�
����=�� ����

Y

(2)

T
he

ratios
in

the
lastexpression

m
atches

w
ith

those
ofthe

first.
�

T
he

firstratio
in

(2)
exactly

com
es

from

the
firstratio

in
(1).

Look
atthe

argum
ents

ofZ
in

both
cases.

'+



�

A
ccording

to
(1)

the
second

ratio
in

(2)

should
be

�
����=�N 0 � X�

�
� 0 � XN ��=�� �

c����=��

c� 0 � X� Y
w

herec� �� ��

is
the

jointdensity.

�

R
ecallthat� 0 � X� ��� ��=��

and�
is

one-to-one.

�

H
ence

the
density

ratio
w

illbe
justthe

appropriate
Jacobian.

�

To
see

this
consider

your
favourite

exam
ple

oftransform
ation

and
obtain

the
ratio

ofthe
originaland

transform
ed

densities.

P
eter

G
reen’s

explanation
is

m
uch

m
ore

rigorous.

',

�

E
xam

ple:
E

nzym
e

data,R
ichardson

and
G

reen

(1997)
P

robabilities
(after

the
correction

in
1998)

�

2
3

4
5

�5�

�� �� ��

0.047
0.343

0.307
0.200

0.103

O
ur

distance
based

approach:

0.0
0.5

1.0
1.5

0
�

2
�

4
�

6
�

8
�

10

P
S

frag
replacem

ents

D
istance

Density

'-



O
utline:

�

C
onvergence

S
tudy

�

G
raphicalM

odels

�

B
U
G
S

illustrations.

�

B
ayesian

M
odelC

hoice

�

R
eversible

Jum
p

�

A
daptive

M
ethods'.

P
roblem

s
w

ith
M

C
M

C

�

S
low

convergence...

�

P
roblem

in
estim

ating
nse

due
to

dependence.

A
w

ay
forw

ard
is

to
consider

R
egeneration.

R
egeneration

points
divide

the
M

arkov

sam
ple

path
in

i.i.d.
tours.

S
o

the
tour

m
eans

can
be

used
as

independentbatch
m

eans.

U
sing

renew
altheory

and
ratio

estim
ation

can
approxim

ate
expectations

and
nse

that

are
valid

w
ithoutquantifying

M
arkov

dependence.

M
ykland,T

ierney
and

Yu
(1995),R

obert

(1995).

)D



R
egeneration

also
provides

a
fram

ew
ork

for

adaptation.

B
ackground:

Infinite
adaptation

leads
to

bias
in

the
estim

ates
ofexpectations.

G
elfand

and
S

ahu
(1994).

B
utthe

bias
disappears

ifadaptation
is

perform
ed

atregeneration
points.

G
ilks,R

oberts
and

S
ahu

(1998)
prove

a

theorem
to

this
effectand

illustrates.

H
ow

do
you

see
regeneration

points?

)�
N

um
m

elin’s
S

plitting.

S
uppose

thatthe
transition

kernelk���� B
�

satisfies

k���� B
� �
����� b��B
�

w
here b

is
a

probability
m

easure
and�

is
a

non-negative
function

such
that

� �����  � M�� a :

.

Let

n���� � �
� �

����� b� M�¡�
�

k����=M�¢�
� !

>�

N
ow

,given
a

realisation�£� 
�� �£� ��� YYY

fromk
,constructconditionally

independent

0/1
random

variables¤ � 
�� ¤ � ��� YYY

w
ith

)�



kn� ¤ � ���>N�YYY� �n¥ ���
��� ���
�I ��¦

From
our

experience,this
is

little
hard

to
do

in
m

ulti-dim
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